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The massless boundary sine-Gordon (SG) model is the only interacting impurity model with a
known exact solution out-of-equilibrium, yet existing so far only for integer values of the sine Gordon
coupling λ [Phys. Rev. Lett. 74, 3005 (1995)]. We present here a full exact solution for arbitrary
rational values of λ, at arbitrary voltage V and temperature T . We use the “string” solutions of
the bulk SG model, here regarded as genuine quasiparticles avoiding charge diffusion in momentum
space. We carefully present the finite voltage and temperature thermodynamics of this gas of
interacting exotic quasiparticles, whose very nature depends on subtle arithmetic properties of the
rational SG parameter λ, and explicitly check that the string representation is thermodynamically
complete. By considering a Loschmidt echo, we derive the exact transmission probability of strings
on the impurity. We obtain the exact universal scaling function for the electrical current I(V, T ).
Our results are in excellent agreement with recent experimental out-of-equilibrium data and question
the reality of these exotic quasiparticles.
I. INTRODUCTION
Large assemblies of interacting entities can be the siege
of emergence, i.e. manifestation of more complex “enti-
ties” with new features that were absent at the elemen-
tary level. Restricting this vastly fertile concept of emer-
gence to the study of its manifestations when elementary
entities are the microscopic degrees of freedom of inert
matter (electrons, atoms...) is certainly at the heart of
condensed matter physics, as expressed by the famous
statement by P.W. Anderson: “More is different”[1]. In
condensed matter a typical scale for “more” is the num-
ber of involved particles N = O(NA) with NA ' 6×1023
the Avogadro number, or, best conveying the idea of the
complexity in a quantum interacting system, the num-
ber of states given by the dimension of the many-body
Hilbert space H : ln(dimH ) = O(NA). Understanding
such correlated systems defines notoriously-hard-to-solve
“quantum many-body problem” (QMBP). The other side
of the coin of the QMBP is the vast phenomenology of
the possible collective arrangement of the microscopic de-
grees of freedom, leading to the large collection of ob-
served, as well as yet-to-be-discovered, states of matter.
The new, emergent properties of such states of mat-
ter can be ultimately traced back to the very nature of
the low energy states of the system, which, very often,
can be described as collections of “quasiparticles” (QPs)
emerging, as the result of interactions, as genuinely new
elementary excitations, possessing new features like new
quantum numbers[2].
Historically the earliest occurence of QPs in the QMBP
stems from the study of 3He, a strongly interacting liquid
of fermions. The theory that has been developed to de-
scribe this situation, the Landau-Fermi liquid theory[3],
is also the paradigm for the description of ordinary met-
als: even in the case where electron-electron interac-
tions are strong, low energy states in a metal are de-
scribed in terms of emergent QPs, the quasi-electrons,
that are (weakly) interacting objects still carrying charge
e but with renormalized mass m∗. Due to certain in-
teractions however, this metal can turn into a BCS
superconductor[4]: there the Fermi-liquid picture breaks
down, but the concept of QP is still relevant: the ground-
state can be described as a condensate of charge e∗ = 2e
Cooper pairs, and the QPs describing excitations above
it have no definite charge[5].
Interactions can shape in an even more dramatic way
the nature of QPs: a striking example is provided
by Tomonaga-Lu¨ttinger liquids (TLL), that replace the
paradigm of Landau-Fermi liquid for massless electrons in
one dimension with short-range interactions[6, 7]: there,
the notion of quasi-electron becomes ineffectual, QPs ex-
hibit spin-charge separation [8, 9], and carry fractional
charge – in clean realization of chiral TLL in edge states
of the ν = 13 Fractional Quantum Hall state, charge
e∗ = e3 QPs could be observed by noise measurement in
the tunnelling current [10, 11]. This example emphasizes
that tunnelling experiments constitute a central tool to
probe the nature of the QPs.
On the theoretical side it is important to keep in mind
that the relationship between the original microscopic
entities and the emergent QPs is of many-body nature:
due to interactions it consists in a change of basis in H
(roughly speaking, a eNA × eNA unitary matrix), making
it extremely complex and most of the time out of reach
of any exact description. On top of this, a second major
difficulty in the theoretical approach stems from the fact
that spectroscopic experiments probing the QPs are typ-
ically carried on in non-equilibrium situations, whereas
the available analytical tools for tackling strong correla-
tions are designed for equilibrium situations. While on
the one hand we still clearly lack a general efficient the-
oretical framework for treating in a controlled way both
strong interactions and out-of-equilibrium physics, on the
other hand such conditions are routinely produced, con-
trolled and measured with high precision in milli-Kelvin
ar
X
iv
:1
91
2.
03
87
2v
1 
 [c
on
d-
ma
t.s
tr-
el]
  9
 D
ec
 20
19
2experiments, making any progress in the theoretical ef-
fort a valuable one.
With respect to the first difficulty, integrable systems
constitute a remarkable exception: they are interacting
many-body systems where a rich underlying structure
(they enjoy an infinite number of conservation laws) al-
lows for an exact description of the emergent QPs, in
spite of strong interactions – see e.g. the spin-charge
separation phenomenon in the 1D Hubbard model[12].
As ideal 1D systems with no dissipation mechanism, al-
though integrable models can sometimes apply to the de-
scription of realistic experimental situations, they cannot
address the non-equilibrium regime where dissipation is
at play – they can be viewed as sophisticated interact-
ing generalizations of the ideal perfect gas in 1D. The
situation at hand is however different for quantum im-
purity integrable systems, describing homogeneous, free
systems, except at one point in space where interaction is
concentrated. Since dissipation in a realistic system typ-
ically occurs far from the impurity, they can be directly
relevant to the quantitive description of coherent trans-
port. Therefore, QIIS are unique systems where one can
hope to capture exactly the physics of strong correlations
in a non-equilibrium context.
Considerable efforts have been devoted to the descrip-
tion of quantum impurities in out-of-equilibrium situa-
tions by numerical approaches implementing elaborate
approximate solutions of the QMBP – by using e.g. func-
tional renormalization group (RG) [13, 14], real-time RG
[15], time dependent density matrix RG or time depen-
dent numerical RG [16] or fermionic representation for
transport through TLL [17]. Yet, numerical approaches
ultimately rely on some sort of approximation to tackle
the QMBP. Moreover, those methods are usually de-
signed to compute specific physical quantities, so that
the access to the nature of the QPs – which we believe
is part of the elucidation of the physics – either requires
their a priori knowledge or remains out of reach.
The boundary sine Gordon (BSG) model is an
archetypical QIIS which, in several respects, plays a cen-
tral role. First, it has a wide range of applications in
condensed matter physics, and even beyond. This vari-
ety of realizations has its root in the minimal character
of this model, which can be considered as the simplest
non-linear impurity model: it describes a free boson φ(x)
interacting via a cosine potential cos(βφ(x=0)). Intro-
ducing the SG parameter:
λ ≡ 8pi
β2
− 1 (1)
the BSG describes, for example: (i) transport through
an impurity in a 1D conducting wire with Tomonaga-
Lu¨ttinger parameter K = 1λ+1 [18] ; (ii) electron tun-
nelling between edge states of the Fractional Quantum
Hall Effect (FQHE) at filling ν = 1λ+1 with ν
−1 an
integer [19, 20] ; (iii) low-energy transport through a
quantum coherent conductor coupled to an electromag-
netic environnement with low energy impedance Z =
λ he2 [21] ; (iv) quantum Brownian motion in a cosine po-
tential, the out-of-equilibrium drive being a global tilt
of the potential[22–25]. It also appears in the FQHE
at more exotic fillings[26, 27], in arrays of Josephson
junctions[28], and even in high-energy physics in the con-
text of string theory[29, 30].
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Figure 1. Out-of-equilibrium investigations of the BSG
model. The BSG model describes the (low energy) universal
features (i.e. independent of the microscopic details) of re-
alistic situations when λ ≤ 3. Crosses indicate the diagonal
BSG models λ ∈ N which were up to now the only out-of-
equilibrium solvable points[19] . The present work addresses
the off-diagonal case λ /∈ N. Coloured circles indicate values
for which transport experimental data[37] is available. We
mention that there are also available transport measurements
at λ = 2 in the ν = 1/3 FQHE [10].
Second, is a remarkable fact that as of today, exclud-
ing interacting systems that are unitarily related to free
systems[31–33], the only genuinely interacting system for
which there is an exact solution yielding explicitly the
out-of-equilibrium universal scaling functions say for the
current, is the diagonal BSG model [19, 20, 34–36] de-
fined by very specific values of the SG parameter (λ an
integer) where the system enjoys additional symmetries.
More than 20 years after this breakthrough, the general
solution of the out-of-equilibrium BSG away from diago-
nal points (defining the off-diagonal regime), is still miss-
ing (see Fig.1).
In this paper, motivated by recent high-precision mea-
surements of the transport properties of chiral TLL [37],
we present an exact solution when λ is an arbitrary ra-
tional number giving access to the exact universal scal-
ing function for the conductance at arbitrary voltage
and temperature. Our solution proceeds in exploiting an
equivalence (see Fig.3) between the original gas of QPs
with off-diagonal scattering (that leads to charge diffu-
sion in momentum space), and a gas involving exotic QPs
diagonalizing charge transport, namely the string solu-
tions of the XXZ model[38, 39] whose number, nature
and charge depend in a subtle way on the BSG parame-
ter β (see Fig. 2): for example the charge of the QPs is
an everywhere discontinuous function of β.
This article, in addition to exposing the exact solu-
tion to the out-of-equilibrium BSG model, aims at giv-
ing the opportunity to the non-specialist reader to grasp
the spirit of the solution in spite of complicated techni-
calities. The paper is organized as follows: in Section
II, we sketch the main features of the solution and give
the main results, deferring all the technical details to
the subsequent sections. In Section III, after motivat-
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Figure 2. [Black] Normalized cumulative plot (xa =
Na∑
b Nb
) of the number Na(V, T, λ) of quasiparticles of type
“a” involved in the exact description (shown here at vanish-
ing bias voltage) as a function of the rational SG parameter
λ = p
q
≤ 1 with q < 100. Note the very complex, self-similar
structure that develops. Colored bullets emphasize the data
at values λ = 1
2
, 1
3
, 1
4
where our theory successfully accounts
for the experimental data of Ref.[37], see section V. In spite
of this complicated structure, interactions and the charge q
of the quasiparticles combine to yield perfectly regular trans-
port properties when λ is varied, e.g. the large temperature
conductance h
e2
Gmax =
1
λ+1
of the BSG model [Red, same
dimensionless scale].
ing their origin, we present the strings and spend some
time gathering known results to present the (bare and
dressed) basis of QPs and their thermodynamical prop-
erties. In Section IV we establish the main features of
the impurity scattering in the string basis and we de-
rive exactly the QP transmission probability using the
boundary Yang Baxter equation and a Loschmidt echo.
Finally in Section V we discuss our solution and present
its remarkable agreement with recent experimental data
for the tunnelling in a resistive environnement.
II. DESCRIPTION OF MAIN RESULTS
A. The model, obstacles and route towards its
solution
The boundary sine Gordon (BSG) model is defined by
its Hamiltonian:
HBSG = H0 +Hb (2)
H0 = ~vf
∫∞
−∞ dx(∂xφ)
2 ; Hb = γ cos(βφ(0))
It describes a free, chiral (right-moving) one-dimensional
boson φ(x− t) defined on the whole line x ∈]−∞,+∞[,
the non-linear SG interaction Hb acting as an impurity at
x = 0. The model is forced out-of-equilibrium by a con-
B.A.
=⇒ A.B.A.=⇒
Basis
free boson
φ(x)
(anti)solitons
SS±(θ)
solitons/strings
Aa(θ)
Bulk
scattering trivial
factorized
off-diagonal
factorized
diagonal
Impurity
scattering many-body factorized factorized
TABLE I. Three different many-body basis for representing
the BSG model. Gray boxes highlight an obstruction to the
exact solution. The last column allows for an exact solution
of the finite temperature BSG model out-of-equilibrium for
arbitrary rational SG parameter λ, whereas the central one
suffices for the diagonal case λ integer.
stant voltage eV2
∫
dxQ(x) and we choose to normalize
the charge density as
Q(x) =
β
2pi
∂xφ, (3)
ensuring that the fundamental soliton of the SG model
carries charge unity[40]. The parameter vf sets the ve-
locity scale of the problem. The parameter β, that fixes
the period of the impurity potential, also determines the
scaling dimension β
2
8pi =
1
λ+1 of the impurity perturb-
ing operator, the later being relevant when β <
√
8pi or
λ > 0. The strength γ of the impurity coupling gener-
ates a typical energy scale, the “impurity temperature”
Tb ∝ γ λ+1λ that encapsulates all the microscopic, non-
universal details of the problem (coupling strengths of
possible additional irrelevant operators, e.g. band curva-
ture, high-energy cut-off...) in a realistic situation. Note
that when β <
√
2pi, the operator cos(2βφ(0)) becomes
relevant ; moreover, as being essentially the square of Hb,
it is allowed by symmetries: therefore it is present, gen-
erates a new scale T
(2)
b and universality is lost, defining
the universal regime λ ∈ [0, 3].
It is clear that the BSG model (2) defines a scatter-
ing problem: given an arbitrary many-body state |ψ〉in,
incoming on the far left of the impurity, what is the fi-
nal, outgoing state |ψ〉out on the far right? The central
object encoding the physics is the scattering matrix R,
defined by |ψ〉out = R|ψ〉in. The scattering matrix R is
a many-body object, and the non-linear character of Hb
forbids any simple description of the scattering in the ba-
sis of elementary excitations of the free boson φ(x) (see
left column of Table I).
The central idea to solve the problem is to identify
a basis for many-body states built on QPs that diag-
onalizes the impurity scattering matrix R. This will be
done by exploiting the integrability of the BSG model[41]
to identify QP modes[42], with specifically the following
properties: (i) the thermal gas of bosons (i.e. the finite
temperature and voltage density matrix) incoming to-
wards the impurity, can be represented in the QP basis ;
(ii) the QPs interact but the resulting scattering between
QPs is factorized, with no particle production ; (iii) the
scattering of QPs on the impurity is factorized, with no
4particle production.
Introducing the symbol Aa(θ) to represent a QP
mode with quantum number a, where the rapidity θ
parametrizes the momentum p ∝ eθ, point (i) means
that a many-body basis for the many-body Hilbert space
H of bosons is made of Fock states: |ψ〉 = ∏iAai(θi) |0〉
where |0〉 is the many-body vacuum and that the states
|ψ〉 are suited for implementing the Thermodynamical
Bethe Ansatz (TBA)[43] allowing for a finite temper-
ature T and finite voltage V description of the inter-
acting QP gas. Point (ii) means that the interaction
amongst arbitrary colliding many-body states can be de-
composed into elementary two-QP scattering processes
Aa1(θ1)Aa2(θ2) −→ Ab2(θ2)Ab1(θ1) the amplitude of
this process being given by the bulk scattering matrix
Sb1,b2a1,a2(θ1 − θ2). Third (iii), factorization of the impu-
rity scattering means that the latter can be described
by a one-body scattering matrix Rab, in the sense that
R|ψ〉 = ∑b1,b2,...∏iRai,bi(θi)Abi(θi) |0〉, i.e. the QPs
scatter one by one on the impurity with no QP produc-
tion.
In the case of the BSG, the QPs fulfilling points
(ii−iii) have been identified by Goshal and Zamolod-
chikov [41] as the solitons and antisolitons SSε(θ) of the
SG model[42] where ε = ± is a charge quantum number
(center column of table I). This QP basis has lead to the
solution[19, 20] of the diagonal BSG model (λ ∈ N) out-
of-equilibrium. For those exceptional values, the scat-
tering amongst the QPs is diagonal or “reflectionless”
(the process SS+(θ1)SS−(θ2) −→ SS+(θ2)SS−(θ1) is
forbidden) ensuring that point (i) is satisfied.
However, in the generic case λ /∈ N the scattering is off-
diagonal meaning that solitons and antisolitons can ex-
change their quantum numbers during a scattering event,
leading to diffusion of the soliton charge in momentum
space (see Fig.3 [Top] and [Bottom Left]). As a con-
sequence the (anti)solitons do not fulfill point (i), and
one faces a major difficulty: that of finding yet another
many-body basis allowing for the finite T, V description
of the QP gas and for the exact description of its scat-
tering on the impurity. The Algebraic Bethe Ansatz
(ABA) technique [38, 39, 44–46] circumvents the issue
of diffusion and furnishes a QP basis in which scatter-
ing becomes diagonal (third column of table I). ABA
therefore yields an equivalence between the original soli-
ton/antisoliton gas with off-diagonal scattering, and a
gas of new QPs with diagonal scattering, fulfilling point
(i-ii) (see Fig.3[Bottom Right]). We then show that this
basis fulfils point (iii) and derive exactly the impurity
scattering in this new basis to complete the toolbox for
the exact out-of-equilibrium solution.
B. Main results
In order to solve the BSG model out-of-equilibrium,
two different kinds of data is needed: first, the QP con-
tent and the thermodynamics of those QPs representing
21 θ )2  b
θ2 θ1
(θ −+ c 1 θ )(θ −
t
x
OR: +
FIG. 3. [Top] Illustration in the (x, t) plane of the off-
diagonal scattering of solitons/antisolitons ( / ) SS± of
the SG model with rational parameter λ = p
q
. The trajecto-
ries have slopes ∝ eθ and in the short-hand notation [Right]
the colour indicates the value of the charge quantum num-
ber ε = ±. b and c are scattering amplitudes. [Bottom]
Equivalence between a gas [Left] of solitons/antisolitons with
off-diagonal scattering (note that only one of the many ”dif-
fusive” trajectories of the soliton has been represented) and
a gas [Right] of new quasiparticles Aa with diagonal scatter-
ing, i.e. all quantum numbers a (or colours) follow straight
lines. In this equivalence the original SG soliton/antisoliton
becomes a neutral soliton As ( ) carrying the energy, whereas
new QPs emerge (open circles): two strings A±c carrying
charge ±q ( / ), and additional neutral strings (for the case
λ = 1
3
illustrated here, a single string A1 ( ), see Appendix
VII A 1 for details). Whereas the total number Na of excited
strings is fixed by the thermodynamics of the gas, the equiva-
lence preserves N +N = N and N −N = q(N −N ).
the (voltage biased) free boson gas incoming towards the
impurity: this is reviewed in section III ; second, the im-
purity scattering matrix Rab of those QPs ; our original
derivation is presented in section IV.
The particular value λ = 1 of the SG parameter (1),
where the model can mapped onto free fermions [18],
marks the boundary between the repulsive (λ < 1) and
the attractive (λ > 1) regime of the SG model. The
attractive regime is characterized by the appearance of
neutral soliton-antisoliton bound states (breathers), in
the spectrum. In order to keep the presentation sim-
ple as possible, we focus here on the repulsive case that
retains the full richness of the solution, while deferring
the attractive case to Appendix VII F. We also illustrate
what needs to be done in pratice to obtain the current
I(V, T ) in two specific examples λ = 13 and λ =
6
19 in
Appendix VII A.
For arbitrary rational λ one introduces the continued
fraction:
λ =
p
q
=
1
ν1 +
1
ν2+...+
1
να
, (4)
where νi are strictly positive integers (να > 1). The
decomposition (4) is unique [47]. Introducing the integers
m0 = 0 ; mi =
i∑
i′=1
νi′ (i ≤ α), (5)
5there are in total mα + 1 different kinds of QPs, whose
creation operator is denoted Aa(θ) where the quantum
number (or “species”) a ∈ {s, 1, 2, ...,mα}.
The first particle As is a neutral soliton, carrying ki-
netic energy, whereas the mα other particles are massless
particles (carrying no energy) called strings. All parti-
cles are neutral, except the last two ones Amα ≡ A+c and
Amα−1 ≡ A−c , carrying±q units of the SG-soliton charge.
The main features of the QP spectrum are summarized
in Table II.
particle symbol energy charge entropy
soliton As ≡ A0 X 0 X
neutral
strings
Aj
(1≤j<mα−1) . 0 X
charged
strings
A−c ≡ Amα−1
A+c ≡ Amα
.
.
−q
+q
X
X
TABLE II. The dressed quasiparticle spectrum
The QPs can also be grouped in families
(Fi)i=1...α
characterized by distinct scattering properties. Each
family Fi is made of the QPs
(
Aj
)
mi−1≤j<mi (except
for the last Fα=
(
Aj
)
mα−1≤j≤mα) and each QP Aa ∈ Fi
is assigned a sign ηa = (−1)i+1.
The QPs have diagonal scattering and the thermo-
dynamics of the QP gas at finite T, V – i.e. precisely
the density matrix describing our many-body system in-
coming towards the impurity – can be encoded by pseu-
doenergies a(θ), dimensionless functions that determine
the total densities of QPs per unit length kbThvf Pa(θ) with
Pa = ηa∂θa. The density of occupied particles per
unit length is kbThvf ρa(θ) with ρa = Pafa that also ex-
presses as ρa = −ηa∂θLa with La(θ) = ln(1 + eµa−a(θ)),
and fa =
1
1+ea(θ)−µa a Fermi function ; in view of Ta-
ble II all (reduced) chemical potentials µa vanish except
µ±c = ±q eV2kbT .
The pseudoenergies obey a set of non-linear coupled
integral equations, the TBA equations:
a = δa,se
θ − 1
2pi
Kba ? Lb (6)
where a sum over b is implied, the convolution is
defined as (f ? g)(θ) =
∫∞
−∞ dθ
′f(θ′)g(θ − θ′), and
the kernel entries Kab(θ) (see Fig.4) are more conve-
niently given by their Fourier transforms Kˆab(ω) =
1
2pi
∫∞
−∞ dθ e
−iωθKab(θ) in terms of elementary functions:
Φpi(θ) =
1/pi
cosh(θ/pi)
↔ Φˆpi(ω) =
1
2 cosh(pipiω2 )
(7)
where the numbers pi are defined by:
p0 = λ
−1, p1 = 1, pi>1 = pi−2 − νi−1pi−1. (8)
The symmetry of the kernel apparent in Fig.4 implies
that the two charged QPs share the same pseudoenergy
c+ = c− ≡ c.
(i)
2
α
+
= c
mα −2
mα−1 −= c
family 2family 1 family 3
s 1 . . . . . . . . .mm −1 −121 m1 m
m
(ii.a)
b
linesi
a
: Kˆa,b = Φˆpi ≡ 12 cosh(pi piω2 )
(ii.b)
b
lines
a
i
: Kˆb,a = −Kˆa,b = Φˆpi
(ii.c)
lines
−1ia=m
i
: Kˆa,a =
Φˆpi Φˆpi+1
Φˆpi−pi+1
Figure 4. (i) Dynkin diagram for the kernel Kab(θ) entering
the TBA equations, here depicted for α = 3, (ν1, ν2, ν3) =
(4, 3, 4) (i.e. λ = 13
56
). The nodes represent the different kinds
of particles: the massive soliton (black node) and a collection
of massless strings (open nodes). The lines connecting the
nodes encode non-vanishing entries of the kernel Kab made
explicit in (ii). While most of the kernel is symmetric (ii.a),
it also has non-symmetric entries (ii.b), as well as diagonal
entries (ii.c).
Our derivation of the impurity scattering matrix
Rab(θ) for the QPs Aa(θ) (see Section IV), completes the
description, and allows to establish a universal formula
for the current flowing through the impurity at arbitrary
voltage and temperature, as a function of T = TTb and
V = eVkbTb (the boundary temperature Tb was introduced
below Eq. (3)) :
I(V, T ) =
(qe)kbT
h
∫ ∞
−∞
dθ Tλ(θ)
(
ρ+c (θ)− ρ−c (θ)
)
, (9)
Tλ = 1
1 +
(
Teθ
)−2p ; ρ±c = (−1)α+1 ∂c(θ)∂θ
1 + ec(θ)∓q
V
2T
,
where Tλ(θ) = |Rc±,c±(θ)|2 is the transmission probabil-
ity of an incoming particle A±c (θ) through the impurity.
Although Eq. (9), that solve the BSG model out-of-
equilibrium by yielding exactly the full universal scal-
ing in the (V, T )-plane, look similar to those of the di-
agonal case λ ∈ N of Ref. [20], it constitutes a novel
prediction when T 6= 0. A first difference is that the
involved QPs are now strings (and no longer solitons)
carrying a non-trivial charge ±q. Second, owing to our
original derivation of the boundary scattering of strings,
the transmission probability Tλ depends solely on p, the
numerator of λ. Neither q nor p are smooth functions
of λ, nor is the whole continued fraction representation
(4) of the SG parameter that fixes the QP content and
its scattering. Therefore the structure of Equations (6,9)
for the pseudoenergies and the current is highly irregu-
lar when λ is varied in sharp contrast with the behavior
of physical quantities computed here that appear to be
smooth functions of λ (see Fig.2). As the simplest il-
lustration, the expected high-energy limit of the conduc-
tance G(V, T  Tb) = e2h 1λ+1 appears to be the result of
6a non-trivial calculation involving the complicated details
of the QP spectrum when starting from our Eq. (10), see
Appendix VII E 2.
At small voltage, the scaling function for the linear
conductance G0(T ) ≡ ∂I(V,T )∂V
∣∣∣
V=0
can be expressed as:
G0(T ) =
(q e)2
h
(−1)α
∫ ∞
−∞
dθ Tλ(θ) ∂θfc(θ) (10)
where fc = fc+ = fc− is the V = 0 Fermi factor for the
strings Ac
±. In particular, Eq.(10) predicts a universal
temperature dependance in the linear regime V → 0 that
differs from the universal voltage dependance at T = 0.
In the following, we work within units where kb = e =
~ = vf = 1, and sums over repeated indices are omitted.
III. THE QUASIPARTICLE BASIS
The quasiparticles Aa involved in the exact out-of-
equilibrium solution have their origin in the off-diagonal
character of bulk scattering. To grasp how this can hap-
pen, let us consider the following simple situation: the
scattering of a single soliton SS+(θ) through a gas of N
antisolitons at rapidities (θ1, ..., θN ). In the diagonal case
the soliton SS+(θ) goes through the gas and just pick up
a phase factor Z({θi}, θ) =
∏
i S
+−
+−(θ−θi), with |Z| = 1.
Off-diagonal scattering results in a final state which is
a superposition of states where the positive charge can
have moved at any rapidity θi simply by the off-diagonal
process SS+(θ)SS−(θi) → SS+(θi)SS−(θ). The prob-
ability |Z|2 = ∏i |S+−+− |2(θ− θi) that the particle exiting
the gas at rapidity θ is still the soliton is exponentially
small in the number of antisolitons (since |S+−+− | < 1).
Hence with exponential precision the final wave function
consists in states where an antisoliton SS−(θ) exits leav-
ing a positive charge SS+(θi) in the gas. This diffusion,
in rapidity space, of the charge carried by solitons means
that the soliton positive charge does not propagate in ra-
pidity space through the antisoliton gas.
Obtaining the QP basis that allows to solve the off-
diagonal BSG model requires the use of the Algebraic
Bethe Ansatz method, that can be viewed as a (consider-
able) generalization of the preceding protocole, whereby
ones send solitons at well chosen (complex) rapidities
{θ′r} so that in the overall final state the charge distribu-
tion is unchanged and Z({θi}, {θ′r}) is again a pure phase
shift. The additional rapidities organize into “strings”
(a bunch of complex rapidities with given length k cen-
tered around a real rapidity, defined in sections III B 1
and III B 2) that can be considered as genuine QPs, di-
agonalizing the problem of the aforementioned diffusion
in many-body rapidity space. To do so, the rapidities
{θ′r} are adjusted in a very precise way such that all the
diffusive trajectories in many-body rapidity space inter-
fere completely destructively, leading to diagonal bulk
scattering in this new basis.
The string QPs are needed here to keep track of the
reorganization of charge in rapidity space after each scat-
tering event. As a matter of fact, those QPs carry only
entropy (no energy nor momentum), and charge.
We first present the soliton/antisoliton basis that
solves the problem in the diagonal BSG model. We then
move on with the introduction of strings within ABA.
Since some details will be crucial when introducing the
impurity in Section IV, we review the main ingredients
of this well known technique, by presenting the central
idea of ABA (section III B 1), then by introducing the
“bare” strings (section III B 2), and by finally present-
ing the “dressed” strings in Section III B 3, and we also
discuss some important features of the finite (V, T ) ther-
modynamics of the QP gas in Section III B 4.
A. Solitons and antisolitons
The basis factorizing the scattering amongst QPs and
on the impurity can be identified by considering a mas-
sive generalization of the BSG model. It is convenient
for this purpose to “fold” the model, defining a total
(non-chiral) boson living on the semi-infinite line x < 0,
Φ(x) = φ(x) +φ(−x), as a sum of right- and left-moving
bosons φ(x) and φ(−x) respectively [48, 49], which to-
gether with the boundary condition φ(0+) = φ(0−) leads
to:
H0 =
1
2
∫ 0
−∞
dxH0(x) ; H0(x) = (∂xΦ)2 + (∂tΦ)2,
Hb = γ cos(
β
2
Φ(0)). (11)
The well known trick [50] is then to introduce a SG term
HSG(x) = cos(βΦ(x)) in the bulk, replacingH0 in (11) by
HM0 = H0+Γ
∫ 0
−∞ dxHSG(x). The resulting total Hamil-
tonian HM0 + Hb, the massive BSG model, is integrable
[41], with a QP content and bulk scattering matrix S co-
inciding with that of the bulk sine-Gordon model defined
of the full line with Hamiltonian
∫∞
−∞(H0 +HSG). In the
repulsive regime λ < 1, the QPs consist in a pair of mas-
sive solitons and antisolitons SS±(θ), where the rapidity
θ parametrizes the momentum p = M sinh θ and energy
E = M cosh θ of the QPs, and M is the mass gap of soli-
tons. Then, the limit of vanishing Γ (implying a vanish-
ing mass gap M → 0), is taken and the bulk part recovers
its original nature of a free boson described by H0. In the
meantime, the rapidity is redefined θ −→ θ+ln 2E0M where
E0 is an arbitrary reference energy scale (which we will
later choose as E0 = T ) so that the dispersion relation for
QPs becomes that of massless particles, E = p = E0 e
θ.
At the end of this procedure, one obtains a representa-
tion of the many-body Hilbert space of the original free
boson (central column of Table I) with basis the Fock
states built with solitons SS+ and antisolitons SS−:∣∣{θj , εj}〉N = N∏
i=1
SSεi(θi) |0〉 εi ∈ {+,−} (12)
7Our normalisation of the charge (3) ensures that the
QPs SS±(θ) carry charge ±1. The interaction amongst
those QPs is encoded in the bulk scattering matrix S,
defined by the relation Aε1(θ1)Aε2(θ2) = S
ε′1ε
′
2
ε1ε2 (θ1 −
θ2)Aε′2
(θ2)Aε′1
(θ1). Charge symmetry leaves only few
with non-zero entries [42]:
S±±±±(θ) = a(θ) = e
iϕz(θ) (13)
S±∓±∓(θ) = b(θ) =
− sinh(λθ)
sinh(λ(θ − ipi))e
iϕz(θ) (14)
S∓±±∓(θ) = c(θ) =
−i sin(λpi)
sinh(λ(θ − ipi))e
iϕz(θ) (15)
ϕz(θ) =
∫ ∞
−∞
dω
2ω
sin(ωθ)
sinh piω(1−λ)2λ
sinh piω2λ cosh
piω
2
(16)
For the integer SG model λ ∈ N, the off-diagonal
scattering amplitude vanishes, c(θ) = 0, resulting in
the existence of an additional symmetry: not only the
charge, and the individual momenta of the QPs are con-
served during a scattering event, but also the momentum-
resolved charge. It results that the N -particle states
(12) are stable under (bulk) scattering, and therefore al-
low for a thermodynamical treatment of the gas of soli-
tons/antisolitons in the grand-canonical ensemble, with
micro-states of the form (12).
In the generic case with off-diagonal scattering c(θ) 6=
0, this additional symmetry is absent: momentum and
charge degrees of freedom are mixed by scattering lead-
ing to the aforedmentionned diffusion and the states (12)
can no longer be used as the microstates of a thermody-
namical treatement.
B. Solitons and strings
We now present the ABA approach, that allows to cir-
cumvent the off-diagonal character of the scattering and
leads to the identification of the correct states, i.e. that
are stable under bulk scattering (right-most column of ta-
ble I). Initially developed to solve the closely related XXZ
model by Takahashi and coworkers [38, 39, 45, 46], ABA
has been implemented with success in the bulk SG model
for various specific values of β (see e.g. Refs [44, 51–
54]), but the results are somehow scattered in the liter-
ature. Moreover, the solution is presented in a variety
of forms, sometimes making use of a remarkable identity
leading to simplifications [55]. We aim here at gather-
ing all the information relevant for the derivation of the
impurity scattering in Section IV, and at presenting a
unified TBA system for arbitrary λ ∈ Q. We also care-
fully derive the asymptotic behavior of the TBA equa-
tions when θ → ±∞.
1. Transfer matrix
Let us consider H {θi} , the Hilbert space with N par-
ticles (indifferently solitons or antisolitons) at rapidities
{θi}i=1...N . A basis for H {θi} are the states (12) but
due to non-diagonal scattering, the later are not stable
under scattering and eigenvectors are to be sought in the
more generic form:
|Ψ〉 =
∑
ε1,...,εN
ψε1,...εN (θ1, ...θN )
∣∣{θj , εj}〉 . (17)
The allowed values for the rapidities {θi} are deter-
mined by a self-consistency condition: considering pe-
riodic boundary conditions and passing particle k with
rapidity θk through all others should leave the system
invariant (up to a phase shift multiple of 2pi):
eipjL τ (s)(θj) = e
2ipiNs(θj) (18)
where pj = E0e
θj is the momentum of particle j, L is the
size of the system, and the function Ns(θ) takes integer
values when θ = θj , an allowed rapidity. Equation (18)
is the analog, for our gas of interacting particles where
τ (s) 6= 1, of the usual quantization condition eipL = 1 for
a free gas in a box of size L.
In our case, off-diagonal scattering results in that the
soliton transfer matrix τ (s)(θ) entering the quantiza-
tion equation (18), is a 2N × 2N matrix. First, the
transfer matrix can be elegantly related[44] to the mon-
odromy matrix T ε
′
ε (θ) =
(
A B
C D
)
, where A,B,C,D are
2N × 2N θ-dependent matrices, via (we make use of
limθ→0 S
ε′1ε
′
2
ε1ε2 (θ) = δ
ε′2
ε1 δ
ε′1
ε2 ):
τ (s)(θ) = Tr
(
T (θ)
)
= (A+D)(θ) (19)
The monodromy matrix expresses the fate of a sin-
gle particle with initial quantum number ε ∈ {+,−}
and rapidity θ passing through a bunch of N parti-
cles with initial quantum numbers {ci}i=1...N and ra-
pidities {θi}. It is a dynamical statement (time evo-
lution of a particle scattering through a gas) that di-
rectly translates at the level of the solitons/antisolitons
modes’ algebra as: SSε(θ)SSc1(θ1)...SScN (θN ) =[
T ε
′
ε
]{di}
{ci}SSd1(θ1)...SSdN(θN )SSε′(θ). Explicitly, one
has: [T ε
′
ε (θ)]
{di}
{ci} ({θi}) =
∑
k1,...,kN−1 S
k1d1
εc1 (θ − θ1) ×
Sk2d2k1c2 (θ−θ2) . . . Sε
′dN
kN−1cN (θ − θN ). Coming back to our
initial problem, the task of building the eigenfunctions ψ
in (17) requires diagonalizing the transfer matrix τ (s)(θ)
at least for rapidities θ = θj . Remarkably, this can be
done at any θ following the ABA method, yielding θ-
independent eigenvectors but θ-dependent eigenvalues.
82. Bare strings
The essence of ABA is that eigenstates of τ (s)(θ) can
be obtained by repeated applications of the B matrix,
evaluated at well chosen (complex) rapidities {θ′r}, on
the lowest state in H {θi} consisting of N antisolitons:
|Ψ{θ′r}〉 =
Nf∏
r=1
B(θ′r) |Ω〉 , (20)
|Ω〉 =
N∏
i=1
A−(θi) |0〉 . (21)
The operator B, called the magnon operator, converts
an antisoliton into a soliton and thus carries a charge 2.
Since we have Nf flipped antisolitons, the charge of the
state (20) is Q = −Ns + 2Nf . The requirement that
|Ψ{θ′r}〉 be an eigenstate of τ (s) results in that the ra-
pidities {θ′r} are organized in so-called strings [56, 57].
“Bare” strings of length k with rapidity θ (as opposed
to dressed ones, see Section III B 4) will be denoted by
Bk(θ) and consist in k insertions of the magnon operator
Bk at k different complex rapidities with common real
part θ ; they are also characterized by a parity ε = ±1
[38, 39]:
Bk(θ) =
∏k
`=1B
(
θ + ipi(2`−k)2
)
ε = +1
Bk(θ) =
∏k
`=1B
(
θ + ipi(2`−k+λ
−1)
2
)
ε = −1 (22)
The allowed lengths kj are constrained by the normal-
izability of the wave function that leaves n = mα strings
with lengths (in the first line j > 0 and mi−1 ≤ j < mi):
kj = yi−2 + (j −mi−1)yi−1 (23)
kmα = yα−1 (24)
where the integers yi read:
yi = yi−2 + νiyi−1 ; y−1 = 0 , y0 = 1. (25)
The parities are given by εm1 = −1 and otherwise εj =
(−1)[λ(kj−1)].
Strings do interact with each other and with soli-
tons; the scattering matrix is diagonal (to simplify no-
tations we introduce Sab ≡ Sabab) and is given by (j, j′ ∈{1, ...,mα} are string indices):
Ss,j(θ) = g
(εj)
−kj (θ) (26)
S1,j(θ) = g
(εj)
kj+1
(θ)g
(εj)
kj−1(θ)
Sj,j′(θ) =
kj∏
`=1
S1,j′
(
θ + i
pi
2
(kj + 1− 2`)
)
(27)
with the functions g:
g
(+)
k (θ) =
sinhλ(θ − ikpi2 )
sinhλ(θ + ikpi2 )
; g
(−)
k (θ) = g
(+)
k (θ +
ipi
2λ ). (28)
The (now diagonal) scattering data (26,27), together
with (13), allows to derive in a standard way the Bethe
equations defining the allowed rapidities for solitons and
strings (see Appendix VII B 1), which become after a
continuum limit where the number of particles per unit
length is sent to infinity:
η˜a Pa = δa,se
θ +
1
2pi
Φa,b ? ρ˜b (29)
where η˜a = −ηa (−1)δa,s+δa,mα are some signs required to
have a positive total density. Here the density of occupied
QP (solitons or bare string) of type a per unit length is
written T2piρa, and
T
2piPa is the total (occupied and empty)
density of allowed QP rapidities.
3. Dressing
The complicated structure of the scattering (26,27) (all
QPs scatter non-trivially with all QPs) can be greatly
simplified by performing a dressing operation consisting
in a particle-hole transformation on all strings but the
last one, defining the dressed modes Aa(θ) (third column
of Table I). The dressing also has the advantage to reveal
reveal a simple implementation of the U(1) charge sym-
metry of the QP gas, facilitating the coupling to an exter-
nal bias voltage to later address non-equilibrium trans-
port. Technical details about the dressing can be found
in Appendix VII B.
We check that after dressing the continuous Bethe
equations relating T2piPa(θ), the total density (per unit
length) of allowed rapidities for the modes Aa(θ) (a =
s, 1, ...,mα), to
T
2piρa(θ), the QP density (per unit length)
of occupied allowed rapidities, become:
Pa(θ) = δa,se
θ +
1
2pi
(
Kab ? ρb
)
(θ), (30)
where the kernel Kab(θ) is made explicit in Fig. 4. Note
that the source term ∝ eθ is present for solitons only,
indicating that strings carry no momentum nor kinetic
energy.
The dressing operation affects not only the scattering
properties, but also the charge quantum number of the
QPs. One checks (see Appendix VII B 3) that the dressed
modes are neutral except for the last two dressed strings
Amα ≡ A+c and Amα−1 ≡ A−c , carrying respectively ±q
units of the original soliton SS+. The features of the QP
spectrum at arbitrary λ ∈ Q are summarized in Table II.
4. Thermodynamics of the QP gas
The thermodynamics of this gas of interacting QPs
is then derived in a standard way leading to the TBA
(Thermodynamical Bethe Ansatz) equations [43] that we
already gave in Eq. (6). One can check explicitly (see
Appendix VII D 1) that the complicated description of
9the original free boson gas at finite (V, T ) in terms of the
new QP modes, is exact, in the sense that the finite V, T
partition functions do coincide in the thermodynamical
limit, providing an a posteriori check of the thermody-
namical completeness of the soliton/string basis.
A few remarks are in order regarding those exotic QP
modes Aa6=s. Physically, those modes have their origin in
the mixing of charge and momentum degrees of freedom
that the original solitons/antisolitons experience due to
off-diagonal scattering. It results that the modes Aa 6=s
are purely entropic: they do not carry energy (the later
being carried only by solitons) but solely entropy that
we can interpret as connected to the redistribution of the
charge degrees of freedom after each off-diagonal scatter-
ing event.
In the limit of vanishing temperature, where only origi-
nal solitons modes SS+ (for positive voltage V ) are occu-
pied and the scattering effectively becomes diagonal[19,
20] (only the matrix element S++++ is involved, see Eq.
(13)), the entropic QPs become frozen and, we can check,
as illustrated in Fig. 5, that the solitons carry all the en-
tropy (see Appendix VII D 2). Formally, the freezing of
the entropic QPs in this limit results in all the densities
ρa6=s(θ) being linearly determined by the soliton density
ρs(θ) (see Eq. (40)).
In the opposite limit V/T  1 the strings’s entropy
Sa(V, T ) is at its highest, and reaches (see Appendix
VII D 2) a universal limit that remarkably does not de-
pend on λ:
hvf
kbT
mα∑
a=1
Sa(0, T )
kbL
= 2Li2
(1
4
)
+ ln 4 ln
4
3
' 0.934... (31)
where Li2(x) is the polylogarithm.
The complex structure of the QP spectrum when λ is
varied is illustrated in Fig.2 where we display the frac-
tion xa(λ,
V
T ) =
Na(λ,
V
T∑
bNb(λ,
V
T )
of occupied QPs in the finite
T description (see Appendix VII D 3 for the explicit cal-
culation of the number of occupied particles Na(λ,
V
T )).
It is sometimes advocated that the strings are not QPs in
the strict sense. We believe that this statement applies
to the dressed description, but not to the bare one. The
dressing operation, although drastically simplifying the
structure of both the scattering and the charge carried
by strings, comes with a (double) price: first, the TBA
equations have a non-symmetric kernel, and second, the
charge density of the dressed modes Aa(θ) (even of the
neutral ones) is not localized but has some spreading in
rapidity space (see Appendix VII B 3), making the modes
Aa(θ) rather unconventional. However, in the bare soli-
ton/strings basis, the modes Bkj (θ) have diagonal, sym-
metric scattering, and possess all the features of ”usual”
QPs: they are localized in momentum space, carry some
entropy (but oddly no energy). Ultimately, the physi-
cal meaning of these strings is clear: they are ”book-
keeping” particles (hence their entropic character) that
are necessary to account for the diffusion in momentum
space experienced in the original (anti)soliton basis.
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Figure 5. Cumulative plot of the dimensionless entropy per
unit length Sa =
hvf
k2bT
Sa
L
carried by the 10 = 3 + 6 + 1 QPs
(a = s, 1, ..., 7, c−, c+ from bottom to top) as a function of
V/T , for λ = 6
19
=
(
3 + 1
6
)−1
; the inset is a zoom. The total
entropy
∑
a Sa =
pi2
3
matches that of the original free boson
gas. Note the vanishing of Sa6=s in the low temperature limit
where strings freeze and the soliton carries all the entropy.
IV. IMPURITY SCATTERING
In this section we derive the structure of the impurity
scattering matrix for the QPs. We note that it was de-
rived, in the particular (off-diagonal) case where λ−1 is
an integer, in Ref. [53], but in the different case where
the boson φ has fixed boundary conditions. We need
here the general case λ ∈ Q and free boundary condi-
tions, which, as far as we know, has not been consid-
ered. After constraining the structure of the R−matrix
in Section IV A we will relate the scattering in the orig-
inal soliton/antisoliton, and in the dressed QP basis in
Section IV B and derive the exact transmission probabil-
ity of charged strings when crossing the impurity.
The SG model with impurity being integrable[41], it
results that the scattering over the impurity in the BSG
model (2) factorizes, i.e. it can be decomposed as a
product of elementary one QP processes. Formally,
this is described by introducing the (many-body) impu-
rity scattering matrix R. This object relates (incom-
ing) states on the left of the impurity, built out of the
modes Aina (θ), to (outgoing) states living on the right
of the impurity and built out of the modes Aouta (θ).
Then, factorization means that a generic incoming state
|ψ〉in =
∏N
i=1A
in
ai(θi) |0〉 (|0〉 is the many-body vac-
uum) will evolve into a new state |ψ〉out = R|ψ〉in =∑
b1,b2,...
∏N
i=1Rai,bi(θi−θb)Aoutbi (θi) |0〉 where Rab is the
one-body impurity scattering matrix, and the depen-
dence on the energy scale Tb generated by the impurity
interaction is simply encoded in θb, the impurity rapidity
defined by θb = log(Tb/T ). The one-body impurity scat-
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tering matrix Rab, describing the fate of a single incoming
QP with quantum number a ∈ {+,−} is well known in
the soliton/antisoliton basis. Since the impurity inter-
action term Hb in Eq. (2) does not conserve charge, it
is a 2 matrix over the soliton-antisoliton space (at fixed
rapidity) ; charge conjugation symmetry implies that it
has only two distinct elements R±± = P and R±∓ = Q,
that are given by [41, 50]:
P (λ)(θ) =
eλθ
1 + ieλθ
eiϕ
(λ)
b (θ)
Q(λ)(θ) =
i
1 + ieλθ
eiϕ
(λ)
b (θ) (32)
ϕ
(λ)
b (θ) = Cλ +
∫ ∞
−∞
dt
2t
sin
(2λθt
pi
) sinh((1− λ)t)
cosh(λt) sinh(2t)
with Cλ a constant that will not be needed here.
A. Structure of the impurity scattering
However, what is needed here is the impurity scatter-
ing matrix R in the string/soliton basis. It is not ob-
vious at all how to derive this object, since the strings
are built out of the magnon operator B(θ) (flipping an
antisoliton into a soliton) and not directly out of the soli-
ton/antisoliton modes SS±(θ). To this aim we compute
a Loschmidt echo in both QP basis. We will see that
this allows to determine the structure of R, that also
factorizes in the new string/soliton basis.
Integrability in the presence of an impurity demands
that the impurity scattering R is compatible with the
bulk scattering S, i.e. the side of the impurity where the
bulk scattering takes place does not matter. This require-
ment, the boundary Yang Baxter equation[41], reads:
where in this graphical represen-
tation the impurity is figured by
the red dashed line, and an empty
=
(respectively full) circle stands for an insertion of the im-
purity scattering matrix R (respectively bulk scattering
matrix S). Repeated applications of the BYBE equation
allow to derive a self consistency equation for the mon-
odromy matrix T ba . It is more difficult to make mistakes
when drawing this equation:
{β }i
{β }i’
{α }i {α }i
{β }i
{β }i’=b’a
a
a’
b
b
than when writing it down:
[T b
′
a (θ)]
{β′i}
{αi} R
{βi}
{β′i} (θb)Rb
′,b(θ − θb) =
Ra,a′(θ − θb)R {α
′
i}
{αi} (θb)[T
b
a′ (θ)]
{βi}
{α′i} . (33)
Now from (33) we can derive four relations (by fixing the
free indices a, b) which, combined together, yield [A +
D,R] = PQ [R, B + C] = QP [R, B + C] ∀ (θ, θb), implying
that all those commutators vanish. Remembering that
(A+D)(θ) is nothing but the transfer matrix defined in
(19), we arrive at:
[τ (s)(θ),R(θb)] = 0. (34)
A direct consequence of this equation is that all non-
degenerate eigenstates of τ (s) are eigenstates of R. The
non accidental degeneracies of the eigenvalues of τ (s), for
two different configurations C 6= C ′, are actually linked
to the U(1) charge symmetry of the problem: it turns
out that Smα−1,a(θ)Smα,a(θ) = 1, ∀ θ , ∀ a = s, 1, ...,mα
(see Appendix VII E 1). Hence a pair of the last two
(bare) strings, Bkmα−1(θ)Bkmα (θ), does not produce any
scattering at all, i.e. it can be added or removed with-
out affecting the quantization condition of the other QPs.
More precisely, let us consider an allowed configuration
C = {θ(a)r }, a = s, 1, ...,mα; r = 1...Na with Ns soli-
tons, and Nj insertions of strings of type j in the state
(20). Consider then a given rapidity θ0 that is doubly
occupied[58] for the last two strings, i.e. both strings
Bkmα (θ0) and Bkmα−1(θ0) appear in the state (20). We
can immediately deduce that the configuration C ′ ob-
tained from C by removing the pair Bkmα−1(θ0)Bkmα (θ0)
from the state (20), is (i) an allowed configuration and
(ii) degenerate with C in the sense that they share the
same τ (s)(θ) eigenvalue.
Moving towards the dressed picture and performing
the particle-hole transformation, we can conclude that
eigenvalues of the transfer matrix τ (s)(θ) are degenerate
∀ θ for configurations that are obtained from each other
by the conversion of an arbitrary number of occupied
positive strings A+c into (initially empty) negative strings
A−c , and vice versa. From this analysis we can conclude
that the structure of the one-particle dressed R−matrix
is diagonal for all the neutral sector a ∈ {s, 1, ...,mα−2},
and consists of a 2× 2 block for the charged sector:
Ra,a(θ) = e
iξa(θ) if a 6= c±,
Rc±,c±(θ) = Pdr(θ),
Rc±,c∓(θ) = Qdr(θ). (35)
B. Impurity scattering matrix for strings and
solitons
We now determine the scattering data in (35), by
translating the details of the impurity scattering (32) for
solitons/antisolitons into the dressed ABA picture involv-
ing strings and solitons. To this end, we study the system
with impurity chosing a particular many-body incoming
state, namely the fully polarized state |Ω〉 defined in (21).
This situation physically corresponds to setting the tem-
perature to zero with a finite negative voltage bias.
Let us prepare the system in the reference state |Ψ〉0 =|Ω〉in, then evolve it in time until it has crossed the
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impurity so that it now consists of a many-body co-
herent superposition of outgoing modes (ending up in
state |Ψ〉∞ = R|Ω〉in, where arbitrarily many SS− have
been converted in SS+ on the impurity), and finally
project it onto the reference state |Ω〉out. The overlap
is a Loschmidt echo, and we define:
L = − ln [ out〈Ω∣∣Ψ〉∞]. (36)
Using the explicit form for the matrix R we want to eval-
uate L in the original soliton/antisoliton basis and in the
dressed basis, therefore relating the impurity scattering
in the two descriptions. In the original basis, since the
incoming state is made of Ns antisolitons, it is straight-
forward to evaluate the overlap in (36): it selects only
the R−− = P processes yielding:
e−L =
Ns∏
j=1
P (θj − θb). (37)
Let us now turn to the dressed description. We first
need to express the state |Ω〉 in the new basis: at the
bare level all strings are empty, so that after dressing
by the particle-hole transformation, all QP modes Aa
with a 6= s,mα are fully occupied and all modes A+c are
empty: |Ω〉 = ∏Nsi=1As(θ(s)i )∏mα−1j=1 ∏Njr=1Aj(θ(j)r ) |0〉dr
where the dressed vacuum |0〉dr is defined in Eq.(58).
After scattering on the impurity, the state |ψ〉∞ still
has all QP states of type j < mα − 1 fully occupied, but
some QPs A−c have been converted into A
+
c . Projecting
onto |Ω〉out selects the events Rc−,c− for all θ(mα−1)r so
that we get from (35) the following alternate form for the
Loschmidt echo:
e−L =
Nmα−1∏
r=1
Pdr(θ
(mα−1)
r − θb)
×
mα−2∏
j=1
Nj∏
r=1
eiξj(θ
(j)
r −θb)
Ns∏
i=1
eiξs(θ
(s)
i −θb). (38)
In the thermodynamical limit the system is described by
the density of occupied antisolitons ρs−(θ) in the bare
description, or moving to the ABA basis, by densities
of occupied solitons and strings ρj(θ). Note that since
there are only antisolitons in |Ω〉, one has ρs− = ρs. It is
actually more convenient to evaluate χb(θb) ≡ − iL∂θbF :
introducing Φ
(λ)
b = −i∂θ lnP (λ), Φdrb = −i∂θ lnPdr, and
Fourier transforming with respect to θb we obtain:
χˆb(ω) = ρˆs(−ω)Φˆ(λ)b (ω) (39)
= ρˆc−(−ω)Φˆbdr(ω) + iω
∑
a=s,1,...,mα−2
ρˆa(−ω)ξˆa(ω).
String bands being either full and empty (hence the
entropy is totally fully carried by antisolitons, see fig.
5) in the state |Ω〉, the string densities in the con-
tinuum limit satisfy ρj(θ) = Pj(θ) ∀j /∈ {s,mα} and
ρmα(θ) = 0. Moreover, they are not independent of each
other: from (56) and using the relationship between bare
and dressed densities, ρ˜j = Pj − ρj (j /∈ {s,mα}) one
gets −2pi ηj Pj = Φs,j ? ρs (j 6= s) so that finally:
ρˆj(ω) = −ηj Φˆs,j(ω) ρˆs(ω) (1 ≤ j < mα) (40)
where Φs,j is the log derivative of the bare scattering (26).
Now focusing for a moment on the imaginary part of
χb, that is responsible for the decay of the Loschmidt
echo, it receives contributions only from those entries of
the R−matrix that have modulus |Rab| 6= 1, that is, in
the first line of Eq. (39), from the modulus of the soliton
transmission amplitude, and in the second line from the
term j = mα − 1 involving the charged QP A−c . The
explicit form for the bare scattering Φˆ
(λ)
b that one deduces
from (32):
Φˆ
(λ)
b (ω) = − iλ
2
δ(ω) +
1− tanh piω2
4 sinh piω2λ
, (41)
combined with the relationship between densities (40)
allow to derive a remarkable relation, relating the imag-
inary part of χb in the original soliton/antisoliton basis
and in the dressed string/soliton basis:
ρˆs(−ω)Φˆ(λ)b (ω) = ρˆc−(−ω)Φˆ(p)b (ω) (42)
where one has used the soliton-charged string bare scat-
tering Φˆs,c− = ϕˆ
(εmα−1)
−kmα−1 = (−1)α
sinh piω2p
sinh piω2λ
(as obtained
from Eqs.(26,57) and the explicit parities for the charged
strings, see Appendix VII E 1).
Plugging (42) into Eq. (39), we conclude that the
dressed R−matrix can be written as:
Ra,a(θ) = e
iξa(θ) (a 6= c±),
Pdr(θ) = P
(p)(θ) eiξc(θ), (43)
Qdr(θ) = Q
(p)(θ) eiξc(θ),
where P (p)(θ) and Q(p)(θ) are defined in (32) with the
replacement λ → p, i.e. the dressed R−matrix in the
off-diagonal BSG model, up to phases, is essentially that
of a diagonal BSG model: as far as impurity scattering
is concerned, everything happens as if the SG parameter
were renormalized to an integer value, λ = pq −→ p. The
phases ξa(θ), which we will not need in the following, are
furthermore constrained by the relation:∑
a=s,1,...,mα−2,c
ηa Φˆa,s(ω) ξˆa(ω) = 0. (44)
C. Rate equation for the current
With the dressed scattering (43) at hand, we can de-
rive the exact transmission probabilities for the QPs, as
a function of the rapidity and the impurity tempera-
ture Tb. As enforced by the degeneracies of the eigen-
values of the transfer matrix τs, all neutral particles
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have transmission one (including the eventual breathers
in the attractive case, see Appendix VII F), while the
charged strings A±c (θ) are transmitted with probability
Tλ(θ) = |Rc±,c±(θ − θb)|2 (and are scattered as the anti-
QP A∓c with probability 1− Tλ(θ)):
Tλ(θ) = 1
1 +
(
T eθ
)−2p (45)
Note that the apparent temperature dependence (we still
have T = TTb ) observed in (45) is just an artefact of our
choice of the arbitrary scale E0 = T parametrizing mo-
mentum p = Teθ. A formula for the current can be es-
tablished by evaluating the rate of change of the charge
due to the scattering QPs, following closely the diago-
nal solution[20] but with charged strings replacing soli-
tons/antisolitons.
The charge δQ = δQ+ + δQ− flowing through the
impurity during a time interval δt, receives contribu-
tions from positive strings A+c (θ) as well as negative
strings A−c (θ) incoming towards the impurity at rapid-
ity ∈ [θ, θ + dθ], that are both transmitted with prob-
ability Tλ(θ). The number of incoming strings A±c (θ)
during δt being δn±(θ) = (vfδt)kbThvf ρ
±
c (θ)dθ, the trans-
mitted charge reads δQ± = (±qe) × δn± × Tλ lead-
ing to δQ±δt = ±qekbTh ρ±c , so that the total current
I = (δt)−1
∫
dθ(δQ+− δQ−) finally evaluates to Eq. (9).
V. DISCUSSION
Our prediction (9) for the finite voltage and temper-
ature universal form of the current I(V, T ) allows for a
certain number of checks. First, at vanishing tempera-
ture, as discussed in Section III B 4, the strings freeze ; a
possible description involving antisolitons only becomes
possible, and our prediction coincides with the T = 0
predictions of Ref. [20] exploiting the diagonal character
of the scattering.
At finite temperature strings enter the stage and our
prediction for the current is novel. A fist available
benchmark is the high energy (T  Tb) limit of the
the linear conductance G0(T ) = limV→0(∂I(V, T )/∂V ),
Gmax =
e2
h
1
λ+1 . From Eq. (10) one gets
h
e2Gmax =
(−1)αq2[fc]∞−∞ and using the asymptotic values of the
pseudoenergies, we show in Appendix VII E 2 that
[fc]
∞
−∞ =
(−1)α
q2(λ+1) . A second benchmark are the asymp-
totic regimes (large and small TTb ) for the conductance,
that read (see Appendix VII G):
G0(T )
Gmax
∼
TTb
α(λ)
(
B( 12 , 1 +
1
2λ )
T
Tb
)2λ
, (46)
G0(T )
Gmax
∼
TTb
1− α( −λλ+1 )
(
B( 12 , 1 +
1
2λ )
T
Tb
)−2λ
λ+1
(47)
where the coefficients read α(λ) =
(λ+1)Γ(λ+1)2B
(
λ+1, 12
)
2
and B(a, b) = Γ(a)Γ(b)Γ(a+b) is the Euler beta function.
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Figure 6. [Top] Universal scaling curves for the (reduced)
linear conductance h
e2
G0(T/Tb) obtained from Eq. (10), and
shown here for λ1 =
1
3
and λ2 =
6
19
, illustrating the smooth-
ness of the conductance when λ is varied. The dashed lines
are the exact asymptotics (46) and (47). [Bottom] QP den-
sities as a function of θ, shown here at V = 0, for the case λ1
[Left] and λ2 [Right]. For those two close values at relative
distance λ1−λ2
λ1
' 0.053, the QP contents from which the con-
ductance is evaluated are largely different (see also Figs.8,9
in Appendix VII A). Note in particular the different scales
in the values of ρc, which decreases when the denominator q
increases.
The linear conductance G0(T ) is shown in the top
panel of Fig.6 for two close values of the SG param-
eter λ1 =
1
3 and λ2 =
6
19 While the conductance
varies smoothly between the two cases, the QP spectrum
changes drastically. One observes that the last band c
corresponding to the charged particle flattens when the
denominator q increases and consequently Pc and ρc de-
crease. For large V/T a simple charge counting argument
leads to a reduction of the number of charged QP states
scaling as q−1, and at small V/T we show in Appendix
VII E 2 that the number of charged QPs is even further
reduced by an additional factor and scales as 1q2 , for large
q and typical fractions λ. This of course makes the ap-
proach to any given value λ by a rational series λ` −→
`→∞
λ
highly singular, the charge q` becoming infinitely large
while the number of excited charged particles N±c (at
fixed V, T ) goes to zero.
The number of such strings, or “book-keeping” parti-
cles (they keep track of the diffusion of charge in momen-
tum space), turns out to be finite (= mα) when λ =
p
q
is a rational number, simply because then any scattering
matrix element is periodic: S(θ + iqpi) = S(θ), implying
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that strings above a certain length (that scales as q) are
not to be taken into account in the QP spectrum (or more
precisely the description of their effects are incorporated
into the first mα strings). One can interpret this fact in
the following way: when the denominator q of λ grows, it
becomes more and more demanding to impose that all the
diffusion interferes destructively, requiring the introduc-
tion of more and more species of book-keeping particles.
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FIG. 7. Transport measurements in the off-diagonal BSG
model: universal comparison. Plotted here is the dimension-
less and universal quantity βRG =
∂g
∂ lnT
as a function of
g = G0(T )
Gmax
= (λ+1)hG0
e2
. The symbols display the raw ex-
perimental data extracted from conductance measurements
in the experimental setting of Ref.[37], that is described at
low energy by the BSG model. The SG parameter is fixed at
λ = {1, 1
2
, 1
3
, 1
4
}. A vertical shift of 0.1 is applied for clarity.
The averaged and noise-filtered raw data (coloured curves)
are compared to the theoretical predictions (full black lines)
for free fermions (λ = 1) and in the off-diagonal case by the
TBA equations (6,10) (λ < 1). Dashed straight lines at g = 0
and g = 1 indicate the asymptotic behaviors (46,47). Note
that there are no fitting parameters.
Last, we compare our predictions to recent measure-
ments of the I(V, T ) characteristics of a device imple-
menting the tunnelling in a resistive environment, with
a resistance Rn =
1
n
h
e2 that can be tuned with high
precision to the values n = 1, 2, 3, 4 [37]. The univer-
sal low energy regime (E  Ec with Ec the charging
energy of the environment) is described[21] by the sine-
Gordon model out-of-equilibrium with λ = 1n . It is pos-
sible to get rid of the non-universal scale Tb by consid-
ering βRG =
∂g
∂ lnT with the dimensionless conductance
g = G0Gmax and Gmax =
e2
h
1
λ+1 . The universal quantity
βRG(g) is the renormalization group β-function for the
conductance ; it vanishes at the low energy fixed point
where the impurity is at full opacity (g = 0) and at the
high energy fixed point where the systems reaches its
maximal conductance g = 1. Note the remarkable agree-
ment (Fig.7), at the level of this universal quantity and
with no fitting parameter, between our predictions and
the averaged experimental data.
VI. CONCLUSION
In this paper we have shown that the boundary sine-
Gordon model subject to a constant voltage bias bears
an exact solution for arbitrary rational value of the sine-
Gordon coupling λ. This gives explicit access to the uni-
versal scaling function for the current I(V, T ) at arbi-
trary voltage and temperature, and virtually for arbi-
trary real value of λ by successive approximations. This
yields amongst other the exact solution to the problem
of tunnelling between Tomonaga Lu¨ttinger liquids with
arbitrary TLL parameter K = 1λ+1 , and of a tunnelling
junction coupled to a resistive environment with resis-
tance R = λ he2 . We believe that our results can also be
of interest to the analysis of transport in the fractional
quantum Hall effect, whose analysis sometimes resorts to
an extrapolation of the results of Ref.[19, 20], obtained
for λ integer, to non-integer values [27].
As soon as λ is not an integer, the exact solution re-
quires the use of the string solutions of the Algebraic
Bethe Ansatz, that are additional quasiparticles, carry-
ing entropy but no kinetic energy, with a quasiparticle
spectrum displaying an astonishingly complex structure
as a function of λ.
There is an adage, that can be phrased as ”tunnelling
selects the basis”, applying to all interacting quantum
impurity models that could be solved so far. It means
that the “good” basis of many-body states that solves
the problem is built out of the quasiparticles that scatter
one by one at the impurity, without particle production
(in technical terms, factorizing the scattering on the im-
purity). In the off-diagonal sine-Gordon model, although
solitons/antisolitons do factorize the impurity scattering,
they don’t constitute the good basis: charge transport,
that is ballistic in the diagonal case, becomes diffusive in
momentum space in the off-diagonal case. The “good”
basis is that of the entropic string QPs, that factorize the
impurity scattering and diagonalize the bulk scattering.
Although strings are sometimes considered as “ficti-
tious” particles, we show that taking seriously their ex-
istence and using them to compute the electrical current
I(V, T ), fits with excellent quantitative agreement exper-
iments carried for λ ∈ { 12 , 13 , 14}. Although this does not
a constitute a proof of “existence” of the string QPs, in
particular because the current I(V, T ) being a continuous
function of λ is a blind observable to the internal string
QP spectrum, we can at least assess that their formal
mathematical existence leads to prediction of physical
quantities. It would be very interesting to have experi-
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mental investigations at more complicated fractions than
λ−1 integer, where (i) the QP charge differs from the sim-
ple form q = λ−1 and (ii) the transmission probability
T (θ) displays the non-trivial dependence on the numer-
ator p 6= 1 of λ. It seems fractions of the type 56 = 12 + 13 ,
or 712 =
1
3 +
1
4 would be the simplest candidates obtained
by lining up two resistors hne2 and
h
n′e2 in series in the
setting of Ref.[37].
The fluctuations of the charge transferred across the
impurity is under investigation, but is expected on gen-
eral ground to be a continuous function of λ therefore
not revealing the charge q of the dressed strings QPs –
we know at least that in the limit V/T → ∞ this is the
case. We believe this is consistent with the fact that the
bare strings basis, in which the QPs’ charge is localized
in momentum space, is then the correct basis. The noise
will therefore involve contributions from all bare strings j
(carrying charge 2kj) compatible with a net effect wash-
ing out the charge q.
If “existence” is taken in the strong sense of directly
observable, one could think of modifying the probing con-
ditions of the system (e.g. by AC forcing, different tem-
peratures, quenches...) so as to observe strings. It might
also be that any such attempt destroys their existence
in the sense that the breaking of the integrable struc-
ture would lead to an immediate blurring of the complex
structure of the string QPs spectrum.
Acknowledgments. The author thanks A. Anthore,
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VII. SUPPLEMENTARY MATERIAL
A. Practical implementation of the TBA by the
example: λ = 1
3
and λ = 6
19
We present the QP spectrum Aa and the TBA equa-
tions determining the pseudo energies a(θ). The TBA
equations are coupled equations of the form a =
Fa({b}) where Fa is a non-linear integral operator tak-
ing as arguments all pseudoenergies. A numerical solu-
tion can be obtained by successive approximations, start-
ing from an initial guess 
(n=0)
a (e.g. 
(n=0)
a = δa,se
θ)
and iterating 
(n+1)
a = Fa({(n)b }) until convergence is
reached.
Once the pseudo-energies have been computed, they
give explicit access to the finite V, T densities of occu-
pied QPs per unit length kbThvf ρa and total densities (occu-
pied+empty) QPs per unit length kbThvf Pa as Pa = ηa∂θa
and ρa = Pafa = −ηa∂θLa with La = log
(
1 + eµa−a
)
and f−1a = 1 + e
a−µa .
In the following we use the notation V = eVkbTb and
T = TTb .
1. λ = 1
3
In this case the continued fraction decompo-
sition (4) terminates immediately so α = 1,
ν1 = mα = 3 and we have mα + 1 = 4 QPs:
• the soliton As, carrying energy and entropy,
• the first string A1, carrying entropy only,
• and two charged strings A−c = A2, A+c = A3 carry-
ing entropy and charge ±q = ±3.
The TBA diagram encoding the scattering kernel is
shown in Fig. 8.(a)
The non-vanishing chemical potentials are µ±c =
±3 eV2kbT . There are mα = 3 independent pseudo-energies
s, 1 and c, and a single family F1 so the kernel Ki,j
involves a single function Φp1 =
1
cosh θ and a sign η1 = 1.
The finite V, T dimensionless densities Pa, ρa are deter-
mined by the TBA equations:
s = e
θ − 1
2pi
1
cosh θ
? L1
1 = − 1
2pi
1
cosh θ
?
(
Ls + Lc+ + Lc−
)
c = − 1
2pi
1
cosh θ
? L1 (48)
The denominator p = 1 of λ fixes the form of the trans-
mission probability:
T 1
3
(θ) =
1
1 +
(
Teθ
)−2 (49)
so the reduced current I = hekbT I reads:
I 1
3
(V , T ) = 3
∫ ∞
−∞
dθ T 1
3
(θ)
∂
∂θ
ln
1 + e−c(θ)−
3V
2T
1 + e−c(θ)+
3V
2T
(50)
Numerical integration of the TBA equations (48) at fixed
V
T
yields the pseudo-energies a(
V
T
; θ) that are displayed
for V
T
= 0 in Fig. 8.(b).
2. λ = 6
19
The continued fraction decomposition λ = 1
3+ 16
has
α = 2 terms ν1 = 3, ν2 = 6, so from the numbers
(Eq. (5)) m1 = 3, mα = 9 we see that we have
10 = mα + 1 QPs, grouped in two families F1 =
{As, A1, A2}, F2 = {A3, ..., A7, A−c = A8, A+c = A9}:
• the soliton As, carries energy and entropy,
• the two charged strings A±c carry entropy and
charge ±q = ±19,
• all the other strings Aa=1,...,7 carry entropy only.
The TBA diagram encoding the kernel is shown in
Fig. 9.(a). The non-vanishing chemical potentials
are µ±c = ± 19V2T . There are mα = 9 independent
pseudo-energies s, 1,...,7 and c. The kernel has nearest
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Figure 8. [Top] TBA diagram for λ = 1
3
. The black
node is ”massive” (i.e. the associated QP, namely the soliton,
carries energy) whereas empty nodes are associated to strings.
[Bottom] QP spectrum for λ = 1
3
: the pseudo-energies a(θ)
as a function of θ, for a ∈ {s, 1, c}, obtained by numerical
integration of the TBA equations (48) at V = 0.
neighbours entries involving two independent functions
Φ1 =
1
2piΦpi with with p1 = 1, p2 =
1
6 :
Φ1(θ) =
1
2pi
1
cosh θ
; Φ2(θ) =
1
2pi
3
cosh 3θ
as well as a self-interaction entry involving the function
1
2piTF
−1[ Φˆ1Φˆ1/6
Φˆ5/6
]
:
Φ
self
1,2 (θ) =
1
4pi
∫ ∞
−∞
dω eiωθ
cosh 5piω12
cosh piω2 cosh
piω
12 .
The signs of the two families are η1 = and η2 = −1.
The finite V, T dimensionless densities Pa, ρa are deter-
mined by the TBA equations (6) which become:
s = e
θ − Φ1 ? L1
1 = −Φ1 ?
(
Ls + L2
)
2 = −Φ1 ? L1 − Φ
self
1,2 ? L2 − Φ2 ? L3
3 = −Φ2 ?
(− L2 + L4)
a = −Φ2 ?
(
La−1 + La+1
)
a = 4, 5, 6
7 = −Φ2 ?
(
L6 + Lc+ + Lc−
)
c = −Φ2 ? L7 (51)
The denominator p = 6 of λ fixes the form of the trans-
mission probability:
T 6
19
(θ) =
1
1 +
(
Teθ
)−12 (52)
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Figure 9. [Top] TBA diagram for λ = 6
19
. The black
node is ”massive” (i.e. the associated QP, namely the soliton,
carries energy) whereas empty nodes are associated to strings.
[Bottom] QP spectrum for λ = 6
19
: the pseudo-energies a(θ)
as a function of θ, for a ∈ {s, 1, 2..., 7, c}, obtaned by numeri-
cal integration of the TBA equations (51) at V = 0. Compare
the additional complexity in the spectrum with respect to the
close value λ = 1
3
in Fig. 8. Compare also the scales, in par-
ticular for the flatness of the last band (charged QPs A±c )
when the denominator q increases.
so the reduced current I = hekbT I reads:
I 6
19
(V , T ) = 19
∫ ∞
−∞
dθ T 6
19
(θ)
∂
∂θ
ln
1 + e−c(θ)−
19V
2T
1 + e−c(θ)+
19V
2T
(53)
Numerical integration of the TBA equations (51) at fixed
V
T
yields the pseudo-energies a(
V
T
; θ) that are displayed
for V
T
= 0 in Fig. 9.(b).
B. Bethe equations for solitons and strings
In this Appendix one gathers some technical details
about the Algebraic Bethe Anstatz (ABA). One first
starts (section VII B 1) by presenting the discrete ABA
equations constraining the allowed configurations C of
QPs in terms of bare strings Bkj (θ) (defined in Eq.(22)),
and their continuum limit when the number of QPs goes
to infinity. We then describe the dressing operation in
section VII B 2, implementing a transformation on the
ensemble of solitons As(θ) and “bare” strings Bkj (θ) to
reproduce (a variant of) the quantization equations for
solitons and strings first derived (for the string sector
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only) by Takahashi [38, 39]. Finally the effect of dressing
on the charge is presented in section VII B 3.
1. Bare BA equations
We consider a configuration C comprisingN = Ns soli-
tons at rapidities {θ(s)i } (i = 1, ..., Ns) and Nj occupied
strings of type j at rapidities {θ(j)i } (i = 1, ..., Nj): C =
{{θ(s)1 , ..., θ(s)Ns}, {θ
(1)
1 , ..., θ
(1)
N(1)
}, ..., {θ(mα)1 , ..., θ(mα)Nmα }}.
The requirement that the system be left invariant when
an arbitrary particle is moved through all other particles
and brought back to its initial position, for a system of
finite length L, leads to the fundamental equations that
define an allowed configuration:
e2ipiNs(θ) = τ (s)C (θ) e
ipiδs e−iLE0 e
θ
e2ipiNj(θ) = τ (j)C (θ) e
ipiδj (j = 1, ...,mα) (54)
where the function Na(θ) evaluates to integers when
θ = θ
(a)
i is an occupied rapidity for species a = s, 1, ...,mα
(i.e. θ
(a)
i ∈ C ), δa ∈ {0, 1} is a constant (depending on
C ) that will not be needed here, and where, in addition
to the transfer matrix for solitons τ (s)(θ), one has intro-
duced the transfer matrices for strings τ (j)(θ):
τ
(j)
C (θ) =
Ns∏
i=1
Sj,s(θ
(s)
i − θ)
mα∏
j′=1
Nj′∏
i=1
Sj,j′(θ
(j′)
i − θ), (55)
the scattering matrices being given in Eqs. (26,27). Note
the presence of the factor eipL in Eqs.(54) for solitons
only, showing that the strings are fictitious particles car-
rying no momentum and no kinetic energy. The set
of rapidities for which the right-hand side of Eqs.(54)
evaluates to one is actually larger than C : this de-
fines additional, empty states called holes, at rapidities
C h = {θ(a),hi }. Thus, the total set of allowed rapidities
(or “Bethe roots”) is C ∪ C h.
Introducing the (reduced) total density of Bethe roots
per unit length, Pa = −ηa (−1)δa,s+δa,mα 1E0L dNadθ (the
signs ηa are necessary to obtain a positive density[38]) as
well as the (reduced) density of occupied Bethe roots per
unit length ρ˜a, and taking the derivative of the logarithm
of Eqs.(54) yields in the thermodynamical limit L→∞:
− ηa (−1)δa,s+δa,mα Pa = δa,seθ + 1
2pi
Φa,b ? ρ˜b (56)
with Φab(θ) = −i∂θ logSab(θ) and the scattering matrix
elements are given in Eqs. (26,27). Since all particles
scatter non-trivially on all others, the bare kernel Φab(θ)
has a complicated structure. It can be made explicit in
Fourier space using the elementary function ϕˆ
(ε)
k (ω) =
1
2ipi
∫
dθe−iωθ∂θ log g
(ε)
k (θ) (the function g
(ε)
k is defined in
(28)), that reads
ϕˆ
(+)
k (ω) = (1− δk˜,0)
sinh((1− k˜λ)piω2λ )
sinh(piω2λ )
(57)
ϕˆ
(−)
k (ω) = ϕˆ
(+)
k+λ−1(ω)
where k˜ = 2λ
]
kλ
2
[
and ]x[= x − [x] is the fractional part
of x.
2. Dressed BA equations
It is very convenient, to simplify the continuous Bethe
equations (56), to perform a particle-hole transformation
by defining ρj = ρ
(−)
j (and ρ˜
(+) = Pj − ρj) on all strings
of type j < mα. It means that we describe an allowed,
but empty Bethe root θ
(j)
i ∈ C h – i.e. θ(j)i is solution
of the Bethe equation τ (j)(θ
(j)
r ) = eipiδj , but there is no
insertion of the corresponding operator Bkj (θ
(j)
r ) in the
product (20) – as an occupied state for a new particle
Aj(θ) at θ = θ
(j)
i ), whereas an initially occupied Bkj (θ
(j)
i )
string is described as an allowed but empty Aj(θ
(j)
i ) state.
Thus the new particlesAj are holes in an (interacting) sea
of strings. This sea could be termed the Zamalodchikov-
Fateev sea ; it is the new vacuum, and formally reads:
|0〉dr =
mα−1∏
j=1
∏
θ
(j)
i ∈C∪Ch
Bkj (θ
(j)
i ) |Ω〉. (58)
We also introduce Amα(θ) = Bkmα (θ), with density
ρmα = ρ˜mα , and define ρs = ρ˜s since the soliton mode is
unaffected by dressing. The new reference state (58),
is a highly interacting object, causing the excitations
Aj(θ) |0〉dr above it to be dressed by their interaction
with the sea. This dressing affects both the scattering
and the charge densities.
The effect of the particle-hole transformation is de-
scribed by introducing the projector P onto strings that
are affected by the particle-hole transformation (i.e.
Pab = δab(1 − δa,mα − δas)), the diagonal matrix η with
entries ηj,j′ = δj,j′ηj , the vector Pˆ in Fourier space
with components Pˆj , the bare kernel Φˆ with compo-
nents Φˆj,j′ , and the vector Φˆ
(s) with components Φˆs,j .
Using ρ˜(+) = PP + (1 − 2P)ρ, we have from (56):
−ηPˆ = Φˆ
(
PPˆ + (1 − 2P)ρˆ
)
+ Φˆ(s)ρˆs which can be re-
cast as Pˆ = Kˆρˆ + Kˆ(s)ρˆs, defining the dressed string-
string kernel Kˆ = (η+ ΦˆP)−1Φˆ(2P− 1) and the dressed
string-soliton kernel Kˆ(s) = −(η + ΦˆP)−1Φˆ(s). We have
checked explicitly that the resulting dressed kernel for
the QPs Aa(θ) has the minimal simple structure given in
Fig. 4), leading to the continuous dressed BA equations
Eq. (30). The dressed kernel K is non symmetric but
rather Kba = ηaηbKab.
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3. Charge dressing
Here we discuss how the charge of the QPs is affected
by dressing. The presentation (30) of the BA equations is
very close to that initially obtained by Takahashi [38, 39]
with the difference of the explicitation of the ZF-sea (58)
(the dressed vacuum). After the particle-hole transfor-
mation it is not so clear a priori how we should, if we
can, attach definite charges to the new QPs: indeed, they
are holes in a filled interacting ZF-sea, and the structure
of this filled sea itself (depth, density of states, etc...) de-
pends on the whole configuration ; we furthermore expect
a non-trivial effect of the scattering of the new QPs Aj
on the (configuration-dependent) background seas. This
question is answered by considering the charge density
whose Fourier transform can be expressed at the bare
level as ρˆQ =
∑
a=s,1,...,mα
Q˜â˜ρ(+)a where ρ˜(+)a are the
bare densities entering (56), with the bare components
of the charge vector reading Q˜s = −1 (the state |Ω〉 is
filled with antisolitons) and Q˜j = +2kj with kj given by
Eq. (23) (since the string Bkj consists in kj magnons
each contributing twice the elementary soliton charge).
We then get the dressed charge vector Qa defining the
charge in the dressed basis as (we use Kba = ηaηbKab):
ρQ(θ) =
1
2pi
(Qa ? ρa)(θ) (59)
Qˆ(ω) = (ηK(ω)ηP+ 1− 2P)Q˜ (60)
Observe in Eq. (59) how the convolution with the func-
tion Qa(θ) describes a spreading of the charge due to
scattering of the dressed QPs with the ZF-sea: writing
Qˆa(ω) = 2piδ(θ)Qˆa(0) + (Qˆa(θ) − 2piδ(θ)Qˆa(0)) the sec-
ond term shows that indeed charge is not local in rapidity
space. But due to the sort-range nature of the matrix el-
ements of Kab(θ) (they all have exponential decay), for
quantities that are obtained by integration over a sizeable
( 1) θ−range one can replace Kab(θ) → (
∫
Kab)δ(θ).
In particular when doing thermodynamics in the grand
canonical ensemble one only needs the total charge of
the configuration QC =
∫∞
−∞ dθ ρQ(θ) so the aforemen-
tionned spreading is washed out by θ−averaging. We
check explicitly that
Qˆ(ω) −→
ω→0
(0, ..., 0,−q, q) (61)
with q the denominator of λ so that finally:
QC = q
(
Nmα −Nmα−1
)
= q
(
N+c −N−c
)
, (62)
establishing that effectively all QPs are neutral except
for the last two strings carry charge ±q, and motivating
the introduction of the final notation A+c ≡ Amα and
A−c ≡ Amα−1 for the last two QPs. This readily fixes
the chemical potentials µa =
qV
2T (δa,c+ − δa,c−) for the
description of the finite bias V situation.
4. Alternative dressing
In this section one gives a last change of basis (an al-
ternative kind of dressing) leading to yet another pre-
sentation of the TBA equations sometimes used in the
literature. It can be obtained, starting from the dressed
basis used in the main text, by performing a particle-hole
transformation on those dressed QPs having ηj = −1. It
leads to a modified dressed vacuum, and affects the scat-
tering in a way that we will shortly describe, as well as
the charge that now reads: Q = ηαq(N˜mα − N˜mα−1):
the QPs Amα now has charge ηαq. Defining ˜a = ηaa,
L˜
(±)
a = ln(1 + e
±
(
µa−a)), as well as the densities ρ˜(±)a of
occupied and empty QP states as ρ˜
(±)
a = ρa if ηa = ±1,
ρ˜
(±)
a = Pa− ρa if ηa = ∓1. This leads to a new presenta-
tion of the BA equations (30) and of the TBA equations
(6):
Pa = δas e
θ +
1
2pi
(
K˜ab ? ρ˜
(ηb)
)
(θ)
˜a = δase
θ − 1
2pi
(
K˜ab ? L˜
(ηb)
)
(θ) (63)
The new BA/TBA system has a symmetric dressed Ker-
nel K˜ab = −ηaKab, this nevertherless comes with the
price that the BA/TBA system has a less homogeneous
form since it now involves explicitly the signs ηa. This
has the physical meaning, that when a QP a goes through
the gas of other QPs, it accumulates a phase-shift that is
determined by the particles b it crosses when ηb = 1, or
by the holes it crosses when ηb = −1.
C. Asymptotics of the TBA equations
In this Appendix one gives the explicit form of the
asymptotics of the pseudo energies a(θ) in the limits
θ → +∞ (UV limit) and θ → −∞ (IR limit), starting
from the TBA equations (6). It is convenient to work
with the quantities Xa = e
−a(+∞) and Ya = e−a(−∞)
(one also defines Xc ≡ Xmα−1 = Xmα , X0 ≡ Xs, and
Yc ≡ Ymα−1 = Ymα , Y0 ≡ Ys). The analysis in the
diagonal case can be found e.g. in Ref. [59] and we give
here its off-diagonal generalization.
In the UV limit, the source term δase
θ in (6) dominates
and fixes the behavior s(θ) ∼ eθ, implying Xs = 0. On
the other hand, the string pseudo-energies have finite lim-
its. Using 12pi
∫
R dθKij(θ) =
1
2Iij where Iij is the (signed)
incidence matrix of the TBA diagram (see Fig. 4) yields
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mα − 1 coupled equations for the quantities Xa
(
λ, VT
)
:
a /∈ {mi − 1,mi,mα − 2, c} :
X2a = (1 +Xa−1)(1 +Xa+1)
i < α :
X2mi−1 = (1+Xmi−2)(1+Xmi−1)(1 +Xmi),
X2mi =
1+Xmi+1
1+Xmi−1
,
X2mα−2 = (1+Xmα−3)(1+Xce
qV/2T )(1+Xce
−qV/2T )
X2c = 1 +Xmα−2
(64)
The solution is found to be
Xs = 0
(a 6= s, c) Xa =
( sinh((yi(a)−1 + ka) V2T )
sinh(yi(a)−1 V2T )
)2
− 1
Xc =
sinh((q− yα−1) V2T )
sinh(yα−1 V2T )
(65)
where the integer i(a) is defined by the fact that QP a
belongs to the family Fi(a).
In the IR limit θ → −∞, the source term δaseθ in the
TBA equations (6) vanishes and the “s” node behaves as
if it where a massless node added to the family F1. All
pseudo-energies have finite limit and one readily obtains
{Ys, Y1...Ymα−2, Yc} = {X˜1, X˜2...X˜mα−1, X˜c} (66)
where X˜a = Xa
(
λ˜, qq˜
V
T
)
and λ˜ = λλ+1 =
p˜
q˜ is the rational
number with continued fraction {ν1 + 1, ν2, .., να}.
D. Bulk thermodynamical quantities
In this Appendix we present the expressions of the
thermodynamical quantities for the gas of interacting
dressed QPs Aa(θ).
1. Free energy
As a fundamental check of the consistency of the ap-
proach, one can compare the free energy of the interact-
ing QP gas at finite (V, T ), to that of a free boson under
the same conditions – the massless limit of the SG model
being indeed a very complicated representation of a free
massless boson.
Writing the free energy of the bulk massless SG
model as F = LT
2
2pi F¯ , one decomposes the free en-
ergy as F¯ = E¯ − T S¯ − ∑a µaN¯a with the re-
duced energy E¯ =
∫
dθ ρs(θ) e
θ (remember that
only the soliton carries energy), the particle num-
bers N¯a =
∫
dθρa(θ) and the entropy −T S¯ =∫
dθPa(θ) [fa(θ) ln fa(θ) + (1− fa(θ)) ln(1− fa(θ))]. Af-
ter a few manipulations it can be recast as:
F¯ = E¯ − ˜¯E −∑
a
∫
dθ PaLa (67)
where the last term can be expressed as an ordinary def-
inite integral on the variables a using Pa = ηa∂θa and
one has introduced the (reduced) “total pseudo energy”
of the system ˜¯E = ∑a ∫ dθ ρa(θ) a(θ).
Using a remarkable trick [60], the difference E¯− ˜¯E can
be expressed in a closed form involving only the limiting
values a(±∞): E¯− ˜¯E = ∫ ρa(Kba?Lb) = −ηa ∫ L′a(Kba?
Lb) = −ηa[La(Kba?Lb)]∞−∞+ηa
∫
La(Kba?L
′
b) where the
last term of this last form can be shown to be nothing but
−(E¯− ˜¯E) using ∫ f(g ?h) = ∫ h(g ?f) valid for arbitrary
functions f, h and any even function g. Finally we obtain
E¯ − ˜¯E = − 12ηa[La(Kba ? Lb)]+∞−∞.
Collecting all terms one ends up with the following
explicit expression for the free energy per unit length:
F (V, T )
L
=
T 2
2pi
∑
a=s,1,...,mα
ηa
[
Fµa(x)
]x=Ya
x=Xa
, (68)
where the function Fµ is given by
Fµ(x) = Li2
(− xeµ)+ 1
2
ln(x) ln(1 + xeµ). (69)
Here Li2(x) = −
∫ x
0
dt
t ln(1 − t) is the second polylog-
arithm function and (Xa, Ya) are respectively the UV
and IR limits of e−˜a given in (65) and (66), and one
reminds that the chemical potential are given by µa =
qV
2T (δa,c+ − δa,c−) = qV2T (δa,mα − δa,mα−1).
The interacting QP gas should be equivalent at the
level of the free energy to a free massless boson with
Hamiltonian Hfree =
∫ L
0
[
(∂xφ(x))
2 − V2 Q(x)
]
and peri-
odic boundary conditions, or
Hfree =
∫ L
0
[
(∂xφ(x))
2 − V√
2pi(λ+ 1)
∂xφ(x)
]
(70)
where one has used the normalization (3) of the charge.
The computation of the free energy is standard and one
finds (see e.g. [48]):
Ffree
L
= −T
2
2pi
(
pi2
6
+
1
λ+ 1
( V
2T
)2)
. (71)
It is not obvious that the expressions (68) and (71) do
actually coincide for all λ. We checked that it is indeed
the case with numerical accuracy ∼ 10−15 and for all
rational λ’s with lengths mα up to 15: this expresses the
equivalence of the partition functions of the free bose gas
and of the interacting QP gas (thanks to a infinity of
polylogarithm identities).
2. Entropy
The entropy carried by each particle can be com-
puted directly using the same arguments. For species
19
a = s, 1, ...,mα, defining the dimensionless entropy Sa =
hvf
Lk2bT
S1, one finds:
Sa = −ηa
[
2Fµa(x) + µa ln(1 + xeµa)
]Ya
Xa
(72)
In the large voltage limit, using (65, 66) we get that
for all a 6= s, Xa and Ya are exponentially large. Using
the limit F0(x) −→
x→∞ −
pi2
6 , we conclude immediately that
Sa −→ 0. Taken care of the additional chemical potential
term, we also get Sc → 0: this expresses the freezing
of the string entropies in the limit V/T → 0. In the
means time the solitons carry all the entropy Ss =
pi2
3
that coincides with the (voltage independent) entropy of
the original free thermal boson.
On the other hand, in the low voltage limit, strings do
carry a finite entropy. The part of the entropy carried
by the solitons can be estimated using (65, 66) : we have
Xs = 0 and Ys = 3. Note that these limiting values are
independent of λ. Plugging those values into (72), using
that
∑
a Sa =
pi2
3 and after a little algebra, we get the
universal formula (31).
3. Particle number
The reduced particle number for species a, Na =
2pi
LT
〈
Nˆa
〉
V,T
=
∫
dθρa(θ), can be easily related to the
asymptotic values Xa, Ya Eqs. (65,66) of the function
ea(θ) at θ = ±∞. Since ρa = −ηa∂θLa(θ) we get
Na
(
λ;
V
T
)
= ηa ln
(
1 + Yae
µa
1 +Xaeµa
)
. (73)
4. Average charge
The average charge accumulated in the system at fi-
nite (V, T ) can be of course obtained by differentiating
the free energy (68) with respect to V . But it can also
more directly be computed by just counting (q times)
the difference in the occupation number of charged QPs
Q ≡ 2piLT 〈Qˆ〉V,T = q
∫
dθ(ρ+c −ρ+c ). Using ρ±c = −ηα∂θL±c
one arrives at:
Q = q ηα
[
ln
(
1 + Yce
qV
2T
1 +Xce
qV
2T
)
− ln
(
1 + Yce
− qV2T
1 +Xce−
qV
2T
)]
=
1
λ+ 1
V
T
(74)
where the last equality uses (65,66). This is of course
consistent with a direct calculation within the free boson
model (70).
E. Some properties of the continued fraction
decomposition
In this Appendix one presents some basic useful ele-
ments about the continued fraction defining the rational
SG parameter λ < 1 (in the repulsive case)
λ =
p
q
=
1
ν1 +
1
ν2+...
1
να
≡ {ν1, ν2, ..., να}. (75)
The recursive nature of the continued fraction represen-
tation can be elucidated by associating to λ the func-
tion Fλ(x) defined by the continued fraction Fλ(x) =
{ν1, ..., να, x} = 1ν1+ 1
ν2+...+
1
να+x
. One has Fλ(0) = λ
and Fλ(∞) = λ˘ = {ν1, ..., να−1}. Of course this func-
tion can be obtained repeated applications of elementary
functions F 1
ν
(x) = 1ν+x , i.e. Fλ(x) = F 1ν1
◦ ... ◦ F 1
να
(x).
A connexion with GL(2,Z), the group of 2×2 unimod-
ular matrices, emerges if one associates to Fλ a matrix
Mλ with positive integer coefficients such that Fλ(x) =
(Mλ)11x+(Mλ)12
(Mλ)21x+(Mλ)22
. For elementary functions M 1
ν
=
(
0 1
1 ν
)
and it is easy to check that the matrix associated to λ
is Mλ = M 1
ν1
M 1
ν1
...M 1
να
. The function −Fλ(−x) is an
element of the modular group, and the matrix Mλ is an
element of GL(2,Z). Since Det(M 1
ν
) = −1, one has im-
mediately Det(Mλ) = (−1)α. Furthermore, by looking
at the definition of the integers yi (defined in Eq. (25)),
one can express explicitly the function Fλ (and hence the
matrix Mλ) as Fλ(x) =
y˘α−2x+y˘α−1
yα−1x+yα
or
Fλ(x) =
p′x+ p
q′x+ q
(76)
where the last equality defines the integers p′[λ] = y˘α−2
and q′[λ] = yα−1. From this we deduce the relation
p′q− p q′ = (−1)α. (77)
This gives a (not so practical) way to obtain the value
of the integer q′[λ] = yα−1 starting from the integers
(p, q): it is (up to a sign (−1)α+1) the multiplicative in-
verse of p in the cyclic group Zq = Z/(qZ) (this inverse
exists since p ∧ q = 1), so that denoting by ?q the multi-
plication in Zq one has p ?q q′ = (−1)α+1.
1. Scattering matrix for the pair of strings
Bkmα (θ)Bkmα−1(θ)
Here we gives details about the representation of the
U(1) charge symmetry at the level of bare ABA: the
particle-hole operation exchanges the two last strings
Bmα and Bmα−1. We first check that the pair of strings
Bkmα (θ)Bkmα−1(θ) is transparent in the sense that
Sa,mα(θ)Sa,mα−1(θ) = 1 ∀ θ, ∀ a = s, 1, ...,mα. (78)
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To see this, in view of Eq. (26), it is enough to show that
S1,mα(θ)S1,mα−1(θ) = 1 ∀θ. Let us compute the pari-
ties: using (77) we get εmα = (−1)p
′
eipi[((−1)
α+1−p)/q] =
(−1)p′+1 (the exceptional case α = 1 has to be treated
separately and yields the same result) and similarly
εmα−1 = (−1)p+p
′+1 so that εmαεmα−1 = (−1)p. When
p is even, the strings have same parities and the imagi-
nary shifts λk pi2 in the functions gk are such that λ(kmα+
kmα−1) is an even integer so that S1,mαS1,mα−1 = 1. On
the other hand when p is odd, the strings have opposite
parities and the scattering matrix of the negative parity
string is built on g
(−)
k = g
(+)
k+λ−1 : the imaginary shifts
are then such that λ(kmα + kmα−1) + 1 is again an even
integer so that again S1,mαS1,mα−1 = 1.
An immediate consequence is that (see the definition of
the transfer matrices for strings, Eqs. (55) in Appendix
VII B) the spectrum for the last two strings is degenerate,
i.e. a given rapidity θ is an allowed rapidity for the last
string Bkmα if and only if it is an allowed rapidity for the
one-but-last string Bkmα−1 . This degeneracy is of course
related to charge conjugation symmetry, and results in
the last two pseudo-energies coinciding, c+ = c− , in the
continuous limit.
2. Computation of G0 ∝ [fc(θ)]+∞−∞, and N±c ∝ [L±c (θ)]+∞−∞
Here we compute the the quantity ∆fc = fc(+∞) −
fc(−∞) that determines the high temperature linear con-
ductance. Taking the limit V → 0 in Eqs. (65) and (66),
one has Xc =
q−q′
q′ and Yc =
q˜−q˜′
q˜′ . From this we deduce
fc(∞) = 11+X−1c = 1 −
q′
q and a similar expression for
fc(−∞) so that ∆fc = q˜
′
q˜ − q
′
q . Since λ˜ =
λ
λ+1 , we im-
mediately have q˜ = p + q, while q˜′ is determined by the
relation p ?p+q q˜
′ = (−1)α+1: but this does not give an
explicit value for q˜′. To proceed, we consider the function
Fλ˜(x): one has Fλ˜ =
1
1+ 1Fλ
= p
′x+p
(p′+q′)x+p+q showing that
q˜′ = p′ + q′. After a little algebra we conclude that
∆fc =
(−1)α
q2(λ+ 1)
. (79)
This yields the expected result for the linear conductance
G0(T ) = ∂V I(V, T )
∣∣
V=0
h
e2
G0(∞) = − ηα q2∆fc = 1
λ+ 1
, (80)
which is indeed a continuous function of λ.
Using the same tricks one calculates the number of
occupied charged strings per unit length, 2piLTN
±
c =
N¯±c = ηαρ
±
c = −ηα[ln
(
1 + e−c±qL/(2T )
)
]∞−∞ =
ηα ln
(
1+e±
qV
2T Yc
1+e±
qV
2T Xc
)
. We give the expressions in the two
limits of small and large voltage w.r.t. the temperature:
V  T N+c = N−c = ηα ln
(
1 +
ηα
q(p′ + q′)
)
,
V  T N+c =
1
q
1
λ+ 1
V
T
; N−c = 0.
(81)
At large voltage the number of charged particles in the
thermodynamical limit shows an expected suppression
∝ q−1 (on the basis of charge counting) of the number
of charged particles. At small voltage and for large q we
get N±c ' 1qq′ 1λ′+1 where again λ′ = {ν1, ..., να−1}, so
that for complex fractions λ with large α, the suppression
∝ q−2 of charged QPs is even more pronounced.
F. Attractive case
In this Appendix one considers the attractive case
λ > 1, where the analysis can be carried out in a
similar way. The main difference is that in addition
to solitons/antisolitons, the spectrum contains neutral
boundstates, the breathers. There are ν0 = [λ] dis-
tinct breathers, whose mass parameter scales as the soli-
ton/antisoliton mass ms according to mb = 2ms sin
pib
2λ ,
b = 1, ..., ν0.
The scattering data (13-16) has to be complemented
with the breather-soliton and breather-breather scatter-
ing, which turns out to be diagonal with [42]:
Sbs =
sinh θ + i cos bpi2λ
sinh θ − i cos bpi2λ
b−1∏
b′=1
(
g
1
2
b−2b′
λ −1
(θ)
)2
Sb,b′ =
sinh θ + i sin (b+b
′)pi
2λ
sinh θ − i sin (b+b′)pi2λ
sinh θ + i sin (b−b
′)pi
2λ
sinh θ − i sin (b−b′)pi2λ
×
b′−1∏
`=1
(
g
1
2
b′−b−2`
λ
(θ) g
1
2
b′+b−2`
λ −2
(θ)
)2
(82)
where b ≥ b′ in the last line and the functions g 12k are
defined from the function g
(+)
k in (28) with the replace-
ment λ → 12 . Taking the Fourier transform of the log
derivative of Eqs.(82) yields the bare scattering elements
Φˆij = Φˆji =
1
2ipi
∫
dθ e−iωθ∂θ lnSij(θ), i, j = 1, 2, ..., ν0, s
(note the tilda over the first entry, introduced for later
convenience):
̂˜Φs,s = A sinh (piω2λ (λ− 1))
2 cosh
(
piω
2λ
) ; A = coth (piω2λ )
cosh
(
piω
2
)
Φˆb,s = −A sinh
(piω
2λ
b
)
(83)
Φˆb,b′ = δb,b′ − 2A cosh
(piω
2λ
(λ− b)) sinh (piω
2λ
b′
)
where in the last line b ≥ b′ is assumed.
To proceed we now need to treat the off-diagonal
scattering of solitons/antisolitons by introducing strings
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within the ABA. Note, however, that since the scatter-
ing (82) is diagonal, it results that, in the transfer matrix
for solitons the part depending on the breathers can be
factorized and is a mere (scalar) prefactor, so that the
string-breather scattering is trivial, Φb,str ≡ 0.
It is easy to show that the whole string structure is
independent of the presence of breathers. Indeed, writ-
ing λ = ν0 + λf , where λf < 1 is the fractional part
of λ, the scattering matrix S1s between solitons and
the 1th string reads: S
(λ)
1s (θ) = (−1)ν0 S(λf )1s ( λλf θ) (we
mention explicitly, by a subscript, the SG parameter).
Now S1s is the building block (see Eqs. (26,27)) for
any Sa,a′ (a, a
′ ∈ {s, 1...mα}, (a, a′) 6= (s, s)), Hence,
up to a rescaling of θ, all the scattering involving strings
is that of the repulsive model with SG parameter λf ,
even after dressing, Kˆ
(λ)
a,a′(ω) = Kˆ
(λf )
a,a′
(λf
λ ω
)
from which
K
(λ)
s,1 (θ) = Φλf/λ(θ).
We now bring the TBA system to its final form, by
dressing the breather sector. First, the string dressing
operation is the same as in the λf case, we arrive at the
following equations for the pseudo energies (˜b,s) of the
breathers and soliton (the tilda is introduced for later
convenience):
˜brb = mbe
θ − 1
2pi
Φbb′ ? L˜
br
b′ −
1
2pi
Φbs ? L
(+)
s (84)
s = mse
θ − 1
2pi
Φsb ? L˜
br
b −
1
2pi
Φss ? Ls − 1
2pi
Φλf/λ ? L
str
1
where the soliton-soliton scattering is renormalized by
strings and reads Φss = Φ˜ss −∆str where the shift ∆str
due the dressing on the string sector can be easily identi-
fied without calculations: in the repulsive case, the final
TBA system has a vanishing soliton-soliton scattering, so
that ∆
(λf )
str (θ) = Φ˜
(λf )
ss (θ), yielding:
Φˆ(λ)ss =
̂˜Φ(λ)ss − ̂˜Φ(λf )ss = A sinh (piω2λ ν0)2 cosh (piω2λ λf) (85)
Now defining the projectors Pbr on breathers and Pm on
massive particles (i.e. excluding strings), and introducing
the matrix
˜ˆ
Kij(ω) = Pbr,iPbr,j(δi,j+1 +δi,j−1) Φˆ1/λ(ω)+
δi,ν0δj,ν0
Φˆλf/λ(ω)Φˆ1/λ(ω)
Φˆ(1−λf )/λ(ω)
+(δi,ν0δj,s+ δj,ν0δi,s) Φˆλf/λ(ω),
we have the following identity: Pm(1 − ˜ˆKPbr)ΦˆPm =
Pm˜ˆKPm. This identity simplifying the breather sector
was first used in the diagonal SG model [55], and is in
fact very close in nature to that used in the string sector
of the XXZ model[38]. Multiplying both sides of Eqs.
(84) by (1 − ˜ˆKPbr), and using f(θ) ? eθ = fˆ(ω = −i) eθ
valid when the convolution is well defined, one obtains:
˜brb =
1
2pi
K˜bb′ ? (˜
br
b′ + L˜
br
b′ ) +
1
2pi
K˜bs ? Ls
s =
1
2pi
K˜bs ? (˜
br
b + L˜
br
b )−
1
2pi
Φλf/λ ? L
str
1
Note that the mass terms have disappeared from the
equations ; they are however still present through the
boundary conditions on pseudoenergies at θ → +∞:
˜brb (θ) ∼ mbeθ (b = 1, ..., ν0) and s(θ) ∼ eθ.
We then define the final pseudo energies brb = η0˜
br
b
with the sign η0 = −1: noticing that ˜brb + L˜brb = Lbrb and
considering the entire spectrum including the strings, we
check that the full TBA equations in the attractive case
λ = λf + ν0 can be recast as i = − 12piK(λR)ji ? Lj , where
K(λR) is the kernel (see Fig. 4) of the repulsive SG model
with SG parameter λR = λ
−1. Hence, the TBA system
in the attractive case can be obtained from the repulsive
case λR = λ
−1 in the following way: the first family of
strings of the λR case corresponds to the breathers of
the λ case, the (i+ 1)th family of strings in the λR case
corresponds to the ith family of strings in the λ case, the
mass term for the soliton is suppressed, and the kernel
and signs read:
K(λ)(θ) = K(λR)(θ) ; η(λ)a = −η(λR)a . (86)
Note also that one can obtain a presentation of the TBA
system where the breathers’ pseudonergies are positive
by moving to the alternate dressed basis introduced in
Appendix VII B 4.
Adding the impurity in the attractive case is done ex-
actly in the same way as in the repulsive one: due to
the trivial breathers-strings scattering, the structure of
the dressed one-particle impurity scattering matrix is
the same: all neutral particles scatter diagonally, i.e.
Raa = e
iξa(θ) and ξa a real odd function of rapidity, and
the two charged strings scatter via a 2 × 2 matrix. The
Loschmidt echo can be written as L = Lbr+Lf where the
breather contribution reads the same in both the original
soliton/antisoliton basis and in the soliton/strings basis.
The other piece Lf is the contribution of the antisolitons
in the original soliton/antisoliton, and of the soliton and
strings in the dressed basis, so that introducing again
χ
(λ)
b (θb) = −iL−1∂θbLf , one has explicitly :
χˆ(λ)(ω) = ρˆs(−ω)Φˆ(λ)b = ρˆc−(−ω)Φˆ(p)b (ω), (87)
allowing to conclude that the impurity scattering of the
charged strings coincides again (up to phases) with that
of the soliton/antisoliton of a diagonal BSG model with
integer SG parameter p, the numerator of λ.
G. Perturbative calculation
In this Appendix one computes the leading behavior
of the current at small and large V, T using a Keldysh
perturbation theory.
1. Perturbative evaluation of the current
Close to the high energy fixed point, the conductance
vanishes, so the tunnelling term Hb = γ cosβφ(0) can be
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treated in perturbation. It describes a homogeneous sys-
tem with conductance Gmax =
1
2pi(λ+1) , weak perturbed
by back-scattering terms, so that the current can be writ-
ten as I = GmaxV − IBS defining the back-scattered cur-
rent. An expansion in powers of γ will yield the asymp-
totical form of the conductance at large V, T . On the
other hand, at small V, T , a similar calculation can be
carried on in the dual picture, by perturbing with the
operator H˜b = γ˜ cos β˜φ(0) with β˜ =
8pi
β being now irrele-
vant, and physically describing the tunnelling of electrons
in the context of tunnelling between Tomonaga Lu¨ttinger
liquids.
Let us start with the high energy expansion. The high
fixed point itself, incorporating the voltage bias, is de-
scribed by a free boson φ˜(x, t) = φ(x, t)−V
√
1
8pi(λ+1) (x−
t) with Hamiltonian H0[φ˜] =
∫
R dx (∂xφ˜)
2, and the total
Hamiltonian reads H = H0 + HT where the tunneling
term reads:
HT = γ cos
(
βφ˜(0, t)− V t) = γOT(t). (88)
We want to evaluate the current I = − 12∆0〈Q(x)〉 where
∆0f(x) = f(0
+) − f(0−) is the discontinuity at x = 0
and the charge density Q(x) is defined in Eq. (3).
In the framework of Keldysh perturbation theory, the
average of the back scattered current bears an expansion
in powers of γ starting at order 2. Since HT is a relevant
perturbation, the γ-expansion will have a meaning only
close to the high-energy fixed point, i.e. for max(V, T )
Tb. At the fixed point itself, I = GmaxV =
e2
h(λ+1)V
; finite but small γ gives rise to a weak back-scattered
current IBS = GmaxV − I:
IBS =
γ2
4
∆0 〈Q(x)〉(2) +O(γ4)
〈Q(x)〉(2) =
∫
CK
dt dt′ Gβ(t, t′,−x) (89)
where the finite V, T correlator Gβ(t, t′,−x) =〈OT(t) OT(t′) Q(x, t = 0)〉0 is evaluated in the unper-
turbed theory (γ = 0). A building block of the cor-
relator is h(t − t′) ≡ ei piλ+1 sign(t−t′)〈e±iβφ˜(t)e∓iβφ˜(t′)〉 =
|t − t′|− 2λ+1 at T = 0, with the finite temperature ex-
pression obtained via the usual mapping[48] of the plane
geometry onto the cylindrical with circumference T−1,
z → ω = 12ipiT ln z:
h(t− t′) = (piT )
2
λ+1
sinh(piT |t− t′|) 2λ+1
. (90)
Note that there will be short-distance divergencies when
integrating over t − t′ for λ ≤ 1. As already argued[20],
one can instead do the calculations at λ > 1, where
the integral converges, and then analytically continue to
other values of λ keeping in mind that the final results
for physical quantities should be smooth, analytical func-
tions of the parameter λ. The (half) Fourier transform
of this function, h+(k) ≡ ∫∞
0
dt e−ikth(t), will also be
useful:
h+(k) = (2piT )1−
2λ
λ+1 Γ
(λ− 1
λ+ 1
)Γ( 1λ+1 + i k2piT )
Γ( λλ+1 + i
k
2piT )
(91)
Next, the zero temperature correlator
〈e±iβφ˜(t)e∓iβφ˜(t′) ∂xφ˜(−x)〉 = β4pi (i(t− t′))−
2λ
λ+1
(
1
i(t+x) +
1
i(t′+x)
)
is brought to finite temperature by the usual
mapping, and finally the Keldysh correlator in (89)
reads:
Gβ(t, t′,−x) = − 12pi e−i
pi
λ+1 sign(t−t′) sin(V (t− t′)) h(t− t′)
×
[
piT
tanh
(
piT (x+t+iη0+)
) − piT
tanh
(
piT (x+t′+iη′0+)
)] (92)
where (η, η′) = sign(Im(t, t′)) ∈ {±} label the differ-
ent Keldysh paths contributing to CK in (89). Since
Q is a conserved quantity, one has simple x depen-
dence in (92), that allows for an important simplifica-
tion upon Fourier transforming w.r.t. x: Gˆβ(t, t′, k) =
i
2pi e
−i piλ+1 sign(t−t′) sin(V (t − t′)) g(t − t′)
[
Cη(k)e
ikt −
Cη′(k)e
ikt′
]
where Cη(k) =
η
1+e−ηk/T .
The next step is to perform the integration over t, t′.
The Keldysh integration can be split in four pieces,
C =
⋃
(η,η′)∈{±}
C(η,η′), where C(−,−) (respectively C(+,+))
corresponds to the two times t < t′ lying on the forward
(respectively backward) branch, C(−,+) corresponds to
half the piece with t lying on the forward branch and t′ on
the backward branch with t < t′, and last C(+,−) corre-
sponds to the other half of the mixed forward/backward
contour, with t > t′. All those expressions can be com-
bined to yield:∫ ∞
−∞
dx 〈Q(x)〉(2) e−ikx = −i
∑
η,η′
ηη′ e−iη
pi
λ+1 (93)
×
∫ 0
−∞
dt′eikt
′
∫ 0
−∞
dτ sin(V τ)h(τ)[Cηe
ikτ − Cη′ ]
= −i sin
( pi
λ+ 1
)
(hˆ+(V ) − hˆ+(−V )) ×
∫ ∞
0
dxe−ikx
where the discontinuity appearing in 〈Q(x)〉(2) (the last
term is the integral representation of the Heaviside func-
tion) is reminiscent from the breaking of translation sym-
metry by the impurity interaction term. After a little al-
gebra this yields the following expression for the current:
I
(2)
BS = −
γ2
2
(2piT )1−
2λ
λ+1 sin
( pi
λ+ 1
)
Γ
(λ− 1
λ+ 1
)
× Im
[
Γ( 1λ+1 + i
V
2piT )
Γ( λλ+1 + i
V
2piT )
]
. (94)
2. Conductance in the high energy limit
The expression (94) is valid as soon as V  Tb or
T  Tb but the ratio V/T is arbitrary. Two particular
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limits are interesting:
• Low V i.e. VT  1. Defining K = 1λ+1 = β
2
8pi (it has the
physical meaning of the TLL parameter in the case where
the BSG model describes tunnelling between TLL’s) and
using Im
[ Γ(K+iy)
Γ(1−K+iy)
] '
y1
−y cos(piK)Γ(K)2 one gets the
linear conductance
GBS(V = 0, T ) =
piγ2B(K,K)
4
(2piT )2K−2 (95)
• Low T i.e. VT  1. Using Im
[ Γ(K+iy)
Γ(1−K+iy)
] '
y1
−y2K−1 cos(piK), the zero temperature non-linear con-
ductance reads
GBS(V, T = 0) =
piγ2(2K − 1)
4Γ(2K)
V 2K−2. (96)
Therefore a universal ratio (in the sense that it no longer
depends on Tb) can be defined,
RK =
GBS(V =0, TTb)
GBS(V Tb, T =0) =
Γ(K)2
2K−1
(
eV
2pikbT
)2−2K
(97)
The non-universal relation between γ and Tb (it depends
on the high regularization scheme) can be fixed in the
scaling limit where Tb is infinitely smaller than the band-
width W using the zero-temperature solution [20] :
GBS(V, T =0)
Gmax
'
VTb
K(2K−1) B(K, 12 )
2
(
B( 12 ,
1
2+
1
2λ )
eV
kbTb
)2K−2
(98)
with Gmax =
e2
h(λ+1) = G(V,∞) = G(∞, T ) the high-
energy maximal conductance. Using the universal ratio
(97) finally leads to the finite temperature (T  Tb)
conductance:
GBS(V =0, T )
Gmax
'
TTb
KΓ(K)2B(K, 12 )
2
(
B( 12 ,
1
2+
1
2λ )
2piT
Tb
)2K−2
(99)
which is nothing but Eq. (47).
3. Conductance in the low energy limit
On the other hand, in the low energy limit V, T  Tb
the effective coupling constant γ blows up and pertur-
bation theory in γ breaks down. In this limit the boson
φ(x = 0) tends to be pined to the minima of the bound-
ary potential and it results that the current is small. A
valid perturbative approach is possible in a dual picture
[61], where the system is again described by a free boson
φ˜ perturbed by a dual boundary term H˜b = γ˜ cos(β˜φ˜(0))
with β˜ = 8piβ . This term is now irrelevant in the renor-
malization group sense, so that perturbation theory in γ˜
is now valid. All the details of the calculations are the
same, except K = 1λ+1 =
β2
8pi is replaced by K˜ =
1
K or
λ˜ = − λλ+1 so the current reads:
I(2) =
γ˜2
2
(2piT )2λ sin(piλ)Γ(−1− 2λ)
× Im
[
Γ(λ+ 1 + i V2piT )
Γ(−λ+ i V2piT )
]
. (100)
We again find a universal ratio relating the zero voltage
and zero temperature limits:
R˜K =
G(V = 0, T  Tb)
G(V  Tb, T = 0) =
Γ
(
1
K
)2
2
K − 1
(
eV
2pikbT
)2− 2K
(101)
Combining this last result with the zero temperature
limit[20]:
G(V, T =0)
Gmax
'
VTb
( 2K − 1)B( 1K , 12 )
2K
(
B( 12 ,
1
2+
1
2λ )
eV
kbTb
) 2
K−2
(102)
we thus arrive at:
G(V =0, T )
Gmax
'
TTb
Γ( 1K )
2B( 1K ,
1
2 )
2K
(
B( 12 ,
1
2+
1
2λ )
2piT
Tb
) 2
K−2
(103)
which is nothing but the zero voltage limiting form (46).
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